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PerÐlhyh

Se aut  th didaktorik  diatrib  h Qamiltonian  tou Bohr [1] tropopoieÐtai af nontac th
par�metro m�zac na exart�tai apì th jèsh (tetrapolik  paramìrfwsh), akolouj¸ntac th
mèjodo twn Quesne kai Tkachuk [2]. H akrib c epilusimìthta thc prokÔptousac Qamiltonia-
n c epitugq�netai me mejìdouc upersummetrik c kbantomhqanik c [3, 4]. ApodeiknÔetai ìti
gia mia eidik  epilog  twn paramètrwn thc [2], h ex�rthsh thc m�zac apì th jèsh isodunameÐ
me èna par�gonta summorfopoÐhshc (conformal factor). Me autì to trìpo proteÐnetai èna
gewmetrikì plaÐsio gia thn an�lush thc sqèshc thc Qamiltonian c Bohr me to prìtupo twn
allhlepidr¸ntwn mpozonÐwn (Interacting Boson Model) [5] thc purhnik c dom c.
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Abstract

In this doctoral dissertation Bohr Hamiltonian [1] is modified by letting the mass parameter
to depend on the position (quadrupole deformation), following the method of Quesne and
Tkachuk [2]. The Exact solvability of the deformation-dependent mass Bohr Hamiltonian
is achieved by supersymmetric quantum mechanics [3, 4]. It is proved that for a special
choice of the parameters of [2], the dependence of the mass on the position is equivalent
with a conformal factor. With this way a geometrical framework is proposed for the analysis
of the relation of the Bohr Hamiltonian with the Interacting Boson Model [5] of nuclear
structure.
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H paroÔsa Didaktorik  Diatrib  afier¸netai me sebasmì kai eugnwmosÔnh sto D�skalì
mou Eustr�tio Qr. Gewrgoud , Dra Fusik c tou PanepisthmÐou Patr¸n, pou ektìc twn
�llwn mou dÐdaxe kai tic basikèc arqèc thc episthmonik c mejìdou ìpwc autèc diamorf¸jhkan
apì to kÔklo thc Biènnhc.
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AnagnwrÐseic

H paroÔsa didaktorik  diatrib  ekpon jhke sto InstitoÔto Purhnik c kai Swmatidiak c
Fusik c tou EKEFE ”Dhmìkritoc” upì thn epopteÐa tou Dieujunt  Ereun¸n tou EKEFE
”D” DionÔsh Mpon�tsou. Gia tic amètrhtec qr simec suzht seic kai thn anellip  tou
parousÐa ton euqarist¸ jerm�.

H ekkÐnhsh thc diatrib c pro lje apì prìtash tou Francesco Iachello, o opoÐoc antapo-
krÐjhke �mesa se ìlec tic stigmèc pou oi sumboulèc kai h suneisfor� tou  tan aparaÐthth.
To Ðdio isqÔei kai gia ton Piet Van Isacker o opoÐoc diamìrfwse katalutik� th gewmetrik 
prosèggish sthn ex�rthsh thc m�zac apì th paramìrfwsh. H olìyuqh euqaristÐa mou Ðswc
den mporeÐ na surrikn¸sei th sumbol  touc sthn olokl rwsh thc diatrib c aut c.

Se ìlh th di�rkeia thc diatrib c eÐqame suqn  epikoinwnÐa me ton Nikolay Minkov ton
opoÐo euqarist¸ jerm� gia tic pollèc qr simec suzht seic idÐwc ekeÐnec pou aforoÔsan ton
upologismì twn tetrapolik¸n rujm¸n met�bashc. EpÐshc euqarist¸ jerm� th Cristianne
Quesne gia th lÔsh poll¸n problhm�twn idÐwc sth kataskeu  twn kumatosunart sewn kai
sto Davidson kai sto Kratzer. Ton Dhm trh Lènh euqarist¸ olìyuqa, ìqi mìno gia gia
thn ousiwdèstath suneisfor� tou stic pr¸tec tropopoi seic thc Qamiltonian c tou Bohr me
m�za exarthmènh apì th paramìrfwsh kai tic pollèc qr simec suzht seic, all� kai gia thn
hjik  tou sumpar�stash. EpÐshc kat� th di�rkeia twn pr¸twn upologism¸n sth gewmetri-
k  prosèggish thc exarthmènhc m�zac apì th paramìrfwsh èlaba qr sima sqìlia apì thn
Andri�nna MartÐnou kai to Dhm trh Petrèllh touc opoÐouc euqarist¸ epÐshc gia to �risto
perib�llon ergasÐac. EÐmai akìmh eugn¸mwn ston Ge¸rgio KoutsoÔmpa gia tic qr simec
suzht seic pou xekÐnhsan stic paradìseic thc kbantik c jewrÐac pedÐou kai suneqÐsthkan
kaj' ìlh th di�rkeia thc diatrib c ìpwc epÐshc kai sto K¸sta Papadìpoulo gia th kritik 
an�gnwsh tou arqikoÔ keimènou pou diamìrfwse kai th paroÔsa telik  tou morf .

Sta pr¸ta st�dia thc diatrib c (2010-2011) eÐqa thn eukairÐa na k�nw arket� taxÐdia se
sunèdria sto exwterikì, gia ta opoÐa ofeÐlw na euqarist sw ton tìte Dieujunt  tou Insti-
toÔtou Purhnik c kai Swmatidiak c Fusik c Pètro RapÐdh gia th k�luyh ìlwn twn exìdwn.
Se aut� all� kai se ekeÐna pou akoloÔjhsan mèqri kai to 2014 pragmatopoi jhkan exaire-
tik� qr simec suzht seic me polloÔc anjr¸pouc. Den prèpei na paraleÐyw thn anagn¸rish
all� kai th dedomènh euqaristÐa mou toul�qiston stouc ex c: Ton Rostislav V. Jolos gia
tic suzht seic sto Adrasan kai th Dubna oi opoÐec  tan gìnimec sthn an�deixh thc sqèshc
thc diatrib c aut c kai tou tanust  m�zac, pou prok�lesan en mèrei thn allag  thc metrik c
tou Bohr. Ton David J. Rowe gia ekeÐnec pou pragmatopoi jhkan sth La Rabida all� kai
th metèpeita epikoinwnÐa mac kai aforoÔsan th sqèsh thc paroÔsac diatrib c me to Alge-
brikì Sullogikì Montèlo, h opoÐa prok�lese thn an�deixh thc summetrÐac O(6). Akìmh,
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ja  tan meg�lh par�leiyh an den euqarist sw olìyuqa ton Pedro Perez Fernandez gia tic
suzht seic pou eÐqame sth La Rabida kai th Seville sqetik� me th prooptik  an�deixhc thc
conformality sta sullogik� prìtupa thc purhnik c dom c.

H arwg  twn gonèwn mou kai thc aderf c mou  tan diark c pou sto teleutaÐo qrìno
ektìc apì hjik   tan kai ulik , wc ek toÔtou h suneisfor� touc  tan apl� anektÐmhth.



Perieqìmena

1 Eisagwg  17

2 Prìtupo Bohr 21

2.1 Talant¸seic purhnik c epif�neiac . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2 Qamiltonian  tou Bohr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.1 AstajeÐc wc proc γ pur nec . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.2 Axonik� summetrikoÐ epim keic (prolate) pur nec . . . . . . . . . . . . 27

2.2.3 TriaxonikoÐ pur nec . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Isotropikìc Talantwt c kai kÐnhsh Kepler . . . . . . . . . . . . . . . . . . . 30

2.3.1 Dunamikì Davidson . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3.2 Dunamikì Kratzer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4 H par�metroc m�zac . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3 M�za exarthmènh apì th paramìrfwsh 35

3.1 H melèth twn C. Quesne kai V. Tkachuk . . . . . . . . . . . . . . . . . . . . 35

3.1.1 ExÐswsh Schrodinger me m�za exarthmènh apì th jèsh . . . . . . . . . 36

3.2 M�za exarthmènh apì th jèsh se sfairikèc suntetagmènec . . . . . . . . . . . 38

3.3 Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh . . . . . . . . . . 39

3.3.1 Aktinik  exÐswsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.4 Algebrik  epilusimìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.5 LÔseic sto dunamikì Davidson . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.5.1 To f�sma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.5.2 Oi Kumatosunart seic . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.3 H Basik  Kat�stash . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.4 Diegermènec Katast�seic . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.5.5 Suntelest c KanonikopoÐhshc . . . . . . . . . . . . . . . . . . . . . . 49

3.6 LÔseic sto dunamikì Kratzer . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.6.1 H basik  kat�stash . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.6.2 Diegermènec katast�seic . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.6.3 Suntelest c KanonikopoÐhshc . . . . . . . . . . . . . . . . . . . . . . 54

3.7 Anaskìphsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

7



8 PERIEQ�OMENA

4 H fainomenologÐa 59
4.1 Prosarmog  sta peiramatik� dedomèna . . . . . . . . . . . . . . . . . . . . . . 60
4.2 Dunamikì Davidson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.2.1 AstajeÐc wc proc γ pur nec . . . . . . . . . . . . . . . . . . . . . . . 61
4.2.2 Axonik� summetrikoÐ epim keic pur nec . . . . . . . . . . . . . . . . . . 62

4.3 Dunamikì Kratzer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.3.1 AstajeÐc wc proc γ pur nec . . . . . . . . . . . . . . . . . . . . . . . 63
4.3.2 Axonik� summetrikoÐ epim keic pur nec . . . . . . . . . . . . . . . . . . 64

4.4 RujmoÐ Met�bashc B(E2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.4.1 RujmoÐ met�bashc sto Davidson . . . . . . . . . . . . . . . . . . . . . 67
4.4.2 RujmoÐ met�bashc sto Kratzer . . . . . . . . . . . . . . . . . . . . . . 68

4.5 Sq mata kai PÐnakec arijmhtik¸n apotelesm�twn . . . . . . . . . . . . . . . . 68

5 Ropèc adraneÐac kai h sqèsh me to IBM 101
5.1 Ta did�gmata apì touc Quesne-Tkachuk . . . . . . . . . . . . . . . . . . . . . 101
5.2 Enswm�twsh se èxi diast�seic . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.3 H O(6) kai to IBM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.4 Qamiltonian  Bohr sthn S5 kai apì th probol  thc . . . . . . . . . . . . . . 106
5.5 E(5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6 Sumper�smata 111

Aþ GenÐkeush thc tautìthtac thc Quesne 115
Aþ.1 ExÐswsh Schroedinger me m�za exarthmènh apì th jèsh se sfairikèc sunte-

tagmènec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
Aþ.2 ExÐswsh tou Schroedinger se sÔmmorfec suntetagmènec . . . . . . . . . . . . 117

Bþ UpologismoÐ sto Kratzer 121
Bþ.1 Oi par�metroi tou Kratzer . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
Bþ.2 Kumatosunart seic sto ìrio a→ 0 . . . . . . . . . . . . . . . . . . . . . . . 128



Kat�logoc Sqhm�twn

2.1 To dunamikì Davidson V (β) = β2 +
β4

0

β2 kai to analloÐwto thc morf c tou
(Shape invariance) k�tw apì th metatìpish thc paramètrou tou. . . . . . . . 31

2.2 To dunamikì Kratzer V (β) = −A
β

+ A2B
β2 kai to analloÐwto thc morf c tou

(Shape invariance) k�tw apì th metatìpish thc paramètrou tou B. H par�-
metroc A èqei tejeÐ Ðsh me th mon�da, deÐte to Par�rthma Bþ gia to p¸c h A
ephre�zei th klÐmaka tim¸n tou β. . . . . . . . . . . . . . . . . . . . . . . . . 32

3.1 Oi upersummetrikoÐ sÔntrofoi. . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.1 SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 110Cd apì th
Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì
Davidson (arister�) stouc astajeÐc wc proc γ pur nec [gia tic sqetikèc
exis¸seic deÐte to ed�fio (3.7)], b�sei twn paramètrwn tou pÐnaka 4.1 gia to
110Cd kai twn rujm¸n met�bashc tou pÐnaka 4.8 epÐshc. Dexi� parousi�zontai
oi peiramatikèc timèc gia to f�sma [87] kai touc rujmoÔc met�bashc ìpou autoÐ
eÐnai diajèsimoi b�sei tou pÐnaka 4.8 gia to 110Cd. . . . . . . . . . . . . . . . 69

4.2 OmoÐwc me to sq ma 4.1, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�-
bashc gia to 118Xe apì th Qamiltonian  Bohr me m�za exarthmènh apì th
paramìrfwsh gia to dunamikì Davidson. . . . . . . . . . . . . . . . . . . . . 70

4.3 SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 110Cd apì th
Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì
Kratzer (arister�) stouc astajeÐc wc proc γ pur nec [gia tic sqetikèc exis¸-
seic deÐte to ed�fio (3.7)], b�sei twn paramètrwn tou pÐnaka 4.1 gia to 110Cd
kai twn rujm¸n met�bashc tou pÐnaka 4.8 epÐshc. Dexi� parousi�zontai oi
peiramatikèc timèc gia to f�sma [87] kai touc rujmoÔc met�bashc ìpou autoÐ
eÐnai diajèsimoi b�sei tou pÐnaka 4.8 gia to 110Cd. . . . . . . . . . . . . . . . 71

4.4 OmoÐwc me to sq ma 4.3, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�-
bashc gia to 118Xe apì th Qamiltonian  Bohr me m�za exarthmènh apì th
paramìrfwsh gia to dunamikì Kratzer. . . . . . . . . . . . . . . . . . . . . . 72

9



10 KAT�ALOGOS SQHM�ATWN

4.5 SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 162Dy apì th
Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì
Davidson (arister�), gia touc axonik� summetrikoÔc epim keic pur nec [gia tic
sqetikèc exis¸seic deÐte to ed�fio (3.7)] b�sei twn paramètrwn tou pÐnaka 4.2
gia to 162Dy kai twn rujm¸n met�bashc tou pÐnaka 4.9 epÐshc. Dexi� parou-
si�zontai oi peiramatikèc timèc gia to f�sma [87] kai touc rujmoÔc met�bashc
ìpou autoÐ eÐnai diajèsimoi b�sei tou pÐnaka 4.9 gia to 162Dy. . . . . . . . . . 73

4.6 OmoÐwc me to sq ma 4.5, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�ba-
shc gia to 238U apì th Qamiltonian  Bohr me m�za exarthmènh apì th para-
mìrfwsh gia to dunamikì Davidson. . . . . . . . . . . . . . . . . . . . . . . . 74

4.7 SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 170Er apì th
Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì
Kratzer (arister�), gia touc axonik� summetrikoÔc epim keic pur nec [gia tic
sqetikèc exis¸seic deÐte to ed�fio (3.7)] b�sei twn paramètrwn tou pÐnaka 4.5
gia to 170Er kai twn rujm¸n met�bashc tou pÐnaka 4.11 epÐshc. Dexi� parou-
si�zontai oi peiramatikèc timèc gia to f�sma [87] kai touc rujmoÔc met�bashc
ìpou autoÐ eÐnai diajèsimoi b�sei tou pÐnaka 4.11 gia to 170Er. . . . . . . . . . 75

4.8 OmoÐwc me to sq ma 4.7, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�-
bashc gia to 232Th apì th Qamiltonian  Bohr me m�za exarthmènh apì th
paramìrfwsh gia to dunamikì Kratzer. . . . . . . . . . . . . . . . . . . . . . 76

4.9 Energ� dunamik� Kratzer thc (3.93) thc Qamiltonian c Bohr me m�za exarth-
mènh apì th paramìrfwsh gia L = 4 gia k�poia isìtopa tou Xe (a) kai tou Ba
(b), ta opoÐa antistoiqoÔn stic paramètrouc tou pÐnaka 4.4. Oi posìthtec pou
deÐqnontai eÐnai adi�statec. H exÐswsh Bþ.1 orÐzei th tetmhmènh kai eis�gei th
par�metro A thc opoÐac oi arijmhtikèc timèc lamb�nontai apì to pÐnaka Bþ.1. 77

4.10 OmoÐwc, ex�rthsh twn energ¸n dunamik¸n Kratzer thc (3.93) me th par�metro
a (a) kai th troqiak  stroform  L (b). Oi posìthtec pou deÐqnontai eÐnai
adi�statec. Ta energ� dunamik� gia th kat�stash me L = 4 thc basik c
z¸nhc tou 130Xe (antapokrinìmeno stic paramètrouc tou pÐnaka 4.5), pou èqei
sqediasteÐ kai sta dÔo mèrh, qrhsimopoieÐtai gia th sÔgkrish. H exÐswsh Bþ.1
orÐzei th tetmhmènh kai eis�gei th par�metro A thc opoÐac oi arijmhtikèc timèc
lamb�nontai apì to pÐnaka Bþ.1. . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.11 Energ� dunamik� Kratzer thc (3.93) thc L = 4 gia k�poia isìtopa tou Gd (a)
kai tou Dy (b), ta opoÐa antistoiqoÔn stic paramètrouc tou pÐnaka 4.5. Oi
posìthtec pou deÐqnontai eÐnai adi�statec. H exÐswsh Bþ.1 orÐzei th tetmhmènh
kai eis�gei th par�metro A thc opoÐac oi arijmhtikèc timèc lamb�nontai apì
to pÐnaka Bþ.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.12 Energ� dunamik� Kratzer thc (3.93) thc L = 4 gia ta isìtona thc perioq c
N = 90, wc kal� paradeÐgmata thc summetrÐac krÐsimou shmeÐou X(5), ta
opoÐa antapokrÐnontai stic paramètrouc tou pÐnaka 4.5. Oi posìthtec pou
deÐqnontai eÐnai adi�statec. H exÐswsh Bþ.1 orÐzei th tetmhmènh kai eis�gei th
par�metro A thc opoÐac oi arijmhtikèc timèc lamb�nontai apì to pÐnaka Bþ.2. 78
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4.13 Ex�rthsh twn energ¸n dunamik¸n Kratzer thc (3.93) me th par�metro a (a) kai
th troqiak  stroform  L (b). Oi posìthtec pou deÐqnontai eÐnai adi�statec.
Ta energ� dunamik� gia th kat�stash me L = 4 thc basik c z¸nhc gia to 154Gd
(antapokrinìmenec stic timèc tou pÐnaka 4.5), sqediazìmena kai sta dÔo mèrh,
qrhsimopoieÐtai wc b�sh gia th sÔgkrish. H exÐswsh Bþ.1 orÐzei th tetmhmènh
kai eis�gei th par�metro A thc opoÐac oi arijmhtikèc timèc lamb�nontai apì
to pÐnaka Bþ.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.1 H sun�rthsh β2

f2(β)
= β2

(1+aβ2)2 , sthn opoÐa eÐnai an�logec oi ropèc adraneÐac,
wc proc th β, gia di�forec timèc thc a . . . . . . . . . . . . . . . . . . . . . . 102

5.2 Oi ropèc adraneÐac J(L) gia th basik  z¸nh, kanonikopoihmènh wc proc th
J(2) gia β0 = 2,c = 5 kai di�forec timèc thc a. . . . . . . . . . . . . . . . . . 103

5.3 Timèc thc a gia ta isìtopa tou Xe kai tou Ba, ta dedomèna el fjhsan apì to
PÐnaka 4.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
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Kat�logoc Pin�kwn

4.1 SÔgkrish twn jewrhtik¸n problèyewn thc astajoÔc wc proc γ Qamiltonian c
tou Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì Davidson
(δ = λ = 0) me ta peiramatik� dedomèna [87] gia tic sp�niec gaièc kai touc akti-
nÐdec me R4/2 ≤ 2.6 kai gnwstèc tic katast�seic 0+

2 kai 2+
γ . Parousi�zontai oi

lìgoi R4/2 = E(4+
1 )/E(2+

1 ), ìpwc epÐshc kai oi qamhlìterec energeiak� kata-
st�seic twn zwn¸n β kai γ (ta bandheads), kanonikopoihmènec sth kat�stash
2+

1 kai taxinomoÔntai apì R0/2 = E(0+
β )/E(2+

1 ) kai R2/2 = E(2+
γ )/E(2+

1 ) an-
tÐstoiqa. Oi par�metroi β0 kai a eÐnai eleÔjerec, sqetizìmenec me to dunamikì
tou Davidson kai me thn ex�rthsh thc m�zac apì th paramìrfwsh antÐstoi-
qa. Oi troqiakèc stroformèc twn uyhlotèrwn epipèdwn thc basik c z¸nhc
kaj¸c kai twn zwn¸n β kai γ, perilamb�nontai sth prosarmog  (fit) mèswn
tetrag¸nwn, taxinomoÔntai apì Lg, Lβ, kai Lγ antÐstoiqa, en¸ to n dhl¸nei
to sunolikì arijmì twn energeiak¸n epipèdwn pou perilamb�nontai sto fit kai
σ eÐnai to mètro poiìthtac thc Ex. (4.3). DeÐte to ed�fio 4.2.1 gia perissìtera. 80

4.1 (Sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2 'Opwc kai ston PÐnaka 4.1, all� gia axonik� summetrikoÔc epim keic paramor-
fwmènouc pur nec me to dunamikì Davidson, sth perioq  twn sp�niwn gai¸n
kai twn aktinÐdwn me R4/2 > 2.9 . Oi par�metroi β0, a, kai c eÐnai eleÔjerec
kai sqetÐzontai me to dunamikì Davidson , me thn ex�rthsh thc m�zac apì th
paramìrfwsh kai me to dunamikì wc proc γ [ExÐswsh (2.47)]. Oi jewrhtikèc
problèyeic apokomÐzontai apì tic exis¸seic pou anafèrontai sto ed�fio 4.2.2,
me epiplèon ekten  suz thsh epÐ tou jèmatoc. . . . . . . . . . . . . . . . . . 82

4.2 (Sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.3 Ta energeiak� epÐpeda thc basik c thc z¸nhc β1 kai thc γ1 twn 162Dy kai
238U, kanonikopoihmèna sthn enèrgeia thc E(2+

1 ) pou lamb�nontai apì th Qa-
miltonian  tou Bohr me par�metro m�zac exarthmènh apì β gia axonik� summe-
trikoÔc pur nec sto dunamikì Davidson. Oi par�metroi (a, β0, c) lamb�nontai
apì to pÐnaka 4.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
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4.4 SÔgkrish jewrhtik¸n problèyewn thc astajoÔc wc proc γ Qamiltonian c tou
Bohr me m�za exarthmènh apì to β ( δ = λ = 0) gia to dunamikì Kratzer me ta
peiramatik� dedomèna [87] gia tic asp�niec gaièc kai tic aktinÐdec me R4/2 ≤ 2.6
kai gnwstèc tic katast�seic 0+

2 kai 2+
γ . O lìgoc R4/2 = E(4+

1 )/E(2+
1 ), ì-

pwc epÐshc kai oi kat¸tatec katast�seic twn zwn¸n β kai γ, kanonikopoi-
hmènec sth kat�stash 2+

1 ìpwc anafèrontai wc R0/2 = E(0+
β )/E(2+

1 ) kai
R2/2 = E(2+

γ )/E(2+
1 ) antÐstoiqa. Oi troqiakèc stroformèc twn uyhlìterwn

epipèdwn thc basik c z¸nhc, thc z¸nhc β kai thc z¸nhc γ pou perilamb�nontai
sth prosarmog  rms anafèrontai wc Lg, Lβ kai Lγ antÐstoiqa. To n upodei-
knÔei to sunolikì arijmì twn energeiak¸n epipèdwn pou perilamb�nontai sth
prosarmog  kai σ eÐnai to mètro poiìthtac thc Ex. (4.3). DeÐte to ed�fio
4.3.1 gia leptomerèsterh an�lush. . . . . . . . . . . . . . . . . . . . . . . . . 85

4.4 (sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.5 SÔgkrish twn jewrhtik¸n problèyewn thc Qamitlonian c tou Bohr me m�za
exarthmènh apì to β (δ = λ = 0) gia to dunamikì tou Kratzer gia touc axonik�
summetrikoÔc epim keic pur nec me ta peiramatik� dedomèna [87] twn sp�niwn
gai¸n kai twn aktinÐdwn me R4/2 > 2.9 kai gnwstèc tic katast�seic 0+

2 kai
2+
γ . Oi lìgoi R4/2 = E(4+

1 )/E(2+
1 ), ìpwc epÐshc kai oi kat¸tatec katast�-

seic twn zwn¸n β kai γ, kanonikopoihmènec sth kat�stash 2+
1 anaferìmenec

wc R0/2 = E(0+
β )/E(2+

1 ) kai R2/2 = E(2+
γ )/E(2+

1 ) antÐstoiqa. Oi troqiakèc
stroformèc twn uyhlotèrwn epipèdwn thc basik c z¸nhc, thc z¸nhc β kai
thc γ pou perilamb�nontai sth prosarmog  rms anafèrontai wc Lg, Lβ, kai
Lγ antÐstoiqa. To n upodeiknÔei to sunolikì arijmì twn epipèdwn pou pe-
rilamb�nontai sth prosarmog  kai σ eÐnai to mètro poiìthtac thc Ex. (4.3).
DeÐte to ed�fio 4.3.2 gia peraitèrw suz thsh. . . . . . . . . . . . . . . . . . 87

4.5 (sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.6 Kanonikopoihmèna [sthn enèrgeia thc pr¸thc diegermènhc kat�stashc, E(2+
1 )]

energeiak� epÐpeda thc basik c z¸nhc, twn zwn¸n β1 kai γ1 tou 170Er kai
232Th, apokomizìmena apì th Qamiltonian  tou Bohr me m�za exarthmènh apì
to β gia to dunamikì Kratzer stouc axonik� paramorfwmènouc pur nec qrh-
simopoi¸ntac tic paramètrouc pou dÐnontai sto pÐnaka 4.5, sugkrinìmeno me
ta peiramatik� dedomèna [87]. DeÐte to 4.3.2 gia peraitèrw suz thsh. . . . . . 89

4.7 Kanonikopoihmèna [sthn enèrgeia thc pr¸thc diegermènhc kat�stashc E(2+
1 )]

energeiak� epÐpeda thc basik c z¸nhc gsb, thc z¸nhc β1 kai thc γ1 twn isotì-
nwn me N = 90, 150Nd, 152Sm, 154Gd, kai 156Dy, apokomizìmena apì th Qamil-
tonian  tou Bohr me exarthmènh m�za apì to β gia to dunamikì tou Kratzer
gia axonik� summetrikoÔc epim keic pur nec, qrhsimopoi¸ntac tic paramètrouc
pou dÐnontai sto pÐnaka 4.5, sugkrinìmena me ta peiramatik� dedomèna [87] kai
me tic problèyeic thc summetrÐac krÐsimou shmeÐou X(5) [33, 86, 93]. To kat¸-
tato epÐpedo thc z¸nhc γ1 sthn X(5), h opoÐa eÐnai mia eleÔjerh par�metroc,
èqei tejeÐ Ðsh me th mèsh tim  twn peiramatik¸n tim¸n. DeÐte to 4.3.2 gia
peraitèrw suz thsh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.7 (sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
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4.8 SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia diafìrouc lì-
gouc B(E2) twn astaj¸n wc proc γ pur nwn me tic problèyeic (k�tw gramm )
thc Qamiltonian c tou Bohr me m�za exarthmènh apì to β (me δ = λ = 0) gia
to dunamikì Davidson, gia tic timèc twn paramètrwn pou deÐqnontai sto pÐnaka
4.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.8 (Sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.9 SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia di�forouc lì-

gouc B(E2) axonik� summetrik¸n epimhk¸n pur nwn me tic problèyeic (k�-
tw gramm ) thc Qamiltonian c tou Bohr me m�za exarthmènh apì to β (me
δ = λ = 0) sto dunamikì Davidson, gia tic timèc twn paramètrwn pou faÐnon-
tai sto pÐnaka 4.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.9 (Sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.10 SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia di�forouc lì-

gouc B(E2) twn astaj¸n wc proc γ pur nwn me tic problèyeic (k�tw gramm )
apì th Qamiltonian  tou Bohr me m�za exarthmènh apì to β (δ = λ = 0) gia
to dunamikì Kratzer, me timèc paramètrwn pou faÐnontai sto PÐnaka 4.4. . . . 96

4.10 (sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.11 SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia di�forouc lì-

gouc B(E2) twn axonik� summetrik¸n epim kwn pur nwn me tic problèyeic
(k�tw gramm ) thc Qamiltonian c tou Bohr me m�za exarthmènh apì to β
(δ = λ = 0) gia to dunamikì tou Kratzer, gia tic timèc twn paramètrwn pou
faÐnontai sto pÐnaka 4.5. Prokeimènou na dieukolunjoÔn oi sugkrÐseic gia ta
isìtona thc perioq c N = 90, 150Nd, 152Sm, 154Gd, kai 156Dy, me tic problè-
yeic thc summetrÐac krÐsimou shmeÐou X(5) [33, 86, 93], oi sqetikèc problèyeic
anafèrontai sth pr¸th gramm  tou pÐnaka , me tic metab�seic γ1 → gsb na
eÐnai kanonikopoihmènec wc proc th met�bash 2γ → 01, thn opoÐa exis¸noume
me 100, kont� sth mèsh tim  gia ta pr¸ta trÐa isìtona thc N = 90. DeÐte to
4.4.2 gia peraitèrw suz thsh. . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.11 (sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.11 (sunèqeia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

Bþ.1 Arijmhtikèc timèc thc A gia touc astajeÐc wc proc γ pur nec twn sqhm�twn
4.9 kai 4.10. To β0 eÐnai h jèsh tou elaqÐstou tou energoÔ dunamikoÔ, pou
upologÐzetai apì thn (Bþ.19). H βexp eÐnai h tim  thc tetrapolik c paramìr-
fwshc pou dÐnetai apì th peiramatik  tim  thc B(E2; 01 → 21) [96], en¸ to A
upologÐzetai apì thn exÐswsh (Bþ.20). . . . . . . . . . . . . . . . . . . . . . . 127

Bþ.2 Arijmhtikèc timèc thc A gia touc axonik� summetrikoÔc epim keic pur nec twn
sqhm�twn 4.11, 4.12 kai 4.13. To β0 eÐnai h jèsh tou elaqÐstou tou energoÔ
dunamikoÔ pou upologÐzetai qrhsimopoi¸ntac thn exÐswsh (Bþ.21), βexp eÐnai h
tim  thc tetrapolik c paramìrfwshc pou dÐnetai apì th peiramatik  tim  thc
B(E2; 01 → 21) [96], en¸ to A upologÐzetai apì thn exÐswsh (Bþ.22). . . . . . 128
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Kef�laio 1

Eisagwg 

Sto prìtupo tou Bohr gia th purhnik  dom  [6, 7, 8, 9] oi sullogikoÐ trìpoi kÐnhshc twn
noukleonÐwn se ènan atomikì pur na sugkrÐnontai me tic talant¸seic enìc mh peristrefìme-
nou (irrotational) reustoÔ. Oi idiìthtec thc purhnik c Ôlhc [9] kajorÐzoun th puknìthta %0

tou reustoÔ pou me th seir� thc dÐnei mia par�metro m�zac gia thn ugr  stagìna aktÐnac R0,

B ∼ %0R
5
0. (1.1)

To reustì sunÐstatai apì purhnik  Ôlh (nuclear matter) [9], h opoÐa epitugq�netai mèsw
thc epèktashc tou, kat� ta �lla peperasmènou gia atomikì pur na, mazikoÔ arijmoÔ A sto
�peiro. H par�metroc m�zac kai h kanonik  kb�ntwsh tou tetrapolikoÔ bajmoÔ eleujerÐac
par�goun th Qamiltonian  Bohr [1], sthn opoÐa h sÔgkrish me touc sullogikoÔc purhnikoÔc
trìpouc kÐnhshc peperasmènou arijmoÔ swmatidÐwn den eÐnai emfan c.

Oi sullogikèc kin seic twn noukleonÐwn mporoÔn na dhmiourg soun mia sullogik  kuma-
tosun�rthsh gia to pur na mèsw thc oloklhrwtik c mèjodou tou genn tora suntetagmènwn
(Generator Coordinate Method) [10]. Tìte kataskeu�zetai mia exÐswsh Schrodinger gia
to pl�toc thc noukleonik c sullogik c kÐnhshc [11]. 'Etsi oi kin seic poll¸n noukleonÐwn
apoktoÔn th fusik  epopteÐa enìc sullogikoÔ trìpou kÐnhshc me mia par�metro ”m�zac” kai
dunamikì. Sthn [11] to nèo stoiqeÐo  tan ìti h par�metroc m�zac sthn exÐswsh aut , ìpwc
par�getai apì to genn tora suntetagmènwn, den eÐnai stajer  all� exart�tai apì th sul-
logik  suntetagmènh. JewrÐec mèsou pedÐou apì th mèjodo Hartree-Fock-Bogoliubov [12]
 /kai th Random Phase Approximation deÐqnoun ìti h sullogik  kÐnhsh twn noukleonÐwn
perigr�fetai apì tanust  adraneÐac   tanust  m�zac exarthmèno apì perissìterec thc mÐac
sullogik c suntetagmènhc.

Sto prìtupo Bohr ta apotelèsmata twn jewri¸n mèsou pedÐou ìson afor� to tanu-
st  m�zac eis�gontai apì th prìsfath fainomenologik  melèth twn Jolos kai von Brentano
[14, 15, 16, 17, 18], sthn opoÐa h par�metroc m�zac thc Qamiltonian c Bohr genikeÔetai se
tanust  perièqontac bajmwtì, tetrapolikì kai dekaexapolikì ìro. Wstìso, o tanust c
m�zac parousi�zei adunamÐec xekin¸ntac apì thn ermitianìthta kai thn akrib  epilusimìthta
thc Qamiltonian c tÔpou Bohr pou eis�getai sth melèth twn Jolos kai von Brentano. E-
piplèon oi adunamÐec epekteÐnontai sthn èlleiyh autosunepoÔc jewrhtik c aitiolìghshc thc
metablht c m�zac kai thc tanustik c thc genÐkeushc sto prìtupo Bohr. K�ti tètoio ja
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mporoÔse na epiteuqjeÐ apì uyhlìterec summetrÐec apì ìti ekeÐnec pou filoxeneÐ to prìtupo
Bohr pou perièqontai stic anaparast�seic thc U(5).

Oi fainomenologikèc apoklÐseic thc paramètrou m�zac sth Qamiltonian  Bohr antana-
kl¸ntai epÐshc sthn upèrmetrh aÔxhsh twn rop¸n adraneÐac se sqèsh me th tetrapolik 
paramìrfwsh [19, 20]. To prìblhma autì melet jhke pr¸ta sth [7] san mia pr¸th efar-
mog  tou mèsou pedÐou sth purhnik  dom  kai h upèrmetrh aÔxhsh èdeiqne na metri�zetai
me thn perÐlhyh thc allhlepÐdrashc zeug¸n (pairing interaction), h opoÐa eÐnai par�deigma
ekd lwshc peperasmènou arijmoÔ swmatidÐwn kai apoÔsa sto prìtupo Bohr. To gegonìc
autì uponoeÐ ìti sth Qamiltonian  Bohr h èlleiyh emfanoÔc sÔgkrishc twn talant¸sewn
tou purhnikoÔ reustoÔ me tic sullogikèc kin seic peperasmènou arijmoÔ swmatidÐwn, mpo-
reÐ na eujÔnetai gia thn upèrmetrh aÔxhsh twn rop¸n adraneÐac kai tic fainomenologikèc
apoklÐseic thc paramètrou m�zac.

Oi sullogikoÐ purhnikoÐ trìpoi kÐnhshc mporoÔn epÐshc na analujoÔn se ìrouc allhlepi-
dr¸ntwn mpozonÐwn, suzeugmèna noukleìnia sjènouc troqiak c stroform c mhdèn (mpozìnio
s) kai dÔo ( mpozìnio d) [5], ta opoÐa domoÔn thn om�da summetrÐac U(6), ìpwc èdeixan oi
Francesco Iachello kai Akito Arima se mia seir� apo dhmosieÔseic sta mèsa thc dekaetÐac
tou '70 [21, 22, 23, 24, 25]. Treic diaforetikèc alusÐdec upoom�dwn thc U(6) orÐzoun tic
dunamikèc summetrÐec tou protÔpou twn allhlepidr¸ntwn mpozonÐwn (Interacting Boson Mo-
del), th U(5), thn SU(3) kai thn O(6). Sto klassikì tou ìrio, to opoÐo apokomÐzetai apì tic
sÔmfwnec katast�seic thc U(6) [26, 27, 38, 28, 29], o arijmìc twn mpozonÐwn ekteÐnetai sto
�peiro. Tìte oi dunamikèc summetrÐec metafr�zontai se f�seic thc purhnik c dom c oi opoÐec
filoxenoÔn sfairik�, axonik� summetrik� kai astaj  wc proc γ sq mata, mèsw energeiak¸n
epifanei¸n ekfrasmènwn stic metablhtèc sq matoc (shape variables).

H sqèsh tou klassikoÔ orÐou tou IBM me to prìtupo Bohr eÐnai gia poll� qrìnia èna
anoiqtì z thma. H pl rhc paragwg  twn Qamiltonian¸n pou prokÔptoun sto klassikì ìrio
tou IBM, sta ìria twn dunamik¸n tou summetri¸n all� kai stic metaxÔ touc perioqèc, ègine
sth didaktorik  diatrib  tou O. Van Roosmalen [29]. EpÐshc kai stic Qamiltonianèc twn
upoloÐpwn ekdoq¸n tou klassikoÔ orÐou mèsw twn sumf¸nwn katast�sewn thc U(6) [26, 27,
28], anadeiknÔontai ta fainìmena peperasmènou arijmoÔ mpozonÐwn sth melèth twn purhnik¸n
sqhm�twn. Oi Van Isacker kai Chen [28] dÐnoun èmfash sthn emf�nish twn metablht¸n
sq matoc apì tic sÔmfwnec katast�seic tou IBM stic opoÐec perièqetai o arijmìc twn
mpozonÐwn. EpishmaÐnoun ìti sto prìtupo Bohr oi metablhtèc sq matoc qrhsimopoioÔntai
ab initio agno¸ntac to peperasmèno arijmì swmatidÐwn tou pur na.

H melèth thc paroÔsac diatrib c gia th sqèsh tou klassikoÔ orÐou tou IBM me to prì-
tupo Bohr xekin� apì èna idiaÐtero qarakthristikì twn Qamiltonian¸n tou pr¸tou, idiaÐtera
fanerì sth [29], kai afor� touc kinhtikoÔc ìrouc ìpou h emfanÐzetai h tetrapolik  para-
mìrfwsh mplegmènh me th suzug  orm  thc. Sta mèsa thc dekaetÐac tou 2000 o Francesco
Iachello shmeÐwse ìti h doulei� twn Quesne kai Tkachuk [2] ja mporoÔse na qrhsimopoih-
jeÐ sth Qamiltonian  tou Bohr prokeimènou na d¸sei morfèc pio sumbatèc me ekeÐnec pou
problèpontai apì to gewmetrikì ìrio tou IBM. Sth [2] proteÐnetai morf  thc exÐswshc Sch-
rodinger mèsw genikeumènwn telest¸n thc orm c h opoÐa eÐnai kat�llhlh kai gia sust mata
me m�za exarthmènh apì th jèsh. H ermitianìthta thc proteinìmenhc Qamiltonian c eÐnai
exasfalismènh ìpwc epÐshc kai h akrib c epilusimìtht� thc me mejìdouc upersummetrik c
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kbantomhqanik c. H efarmog  thc sth Qamiltonian  Bohr th tropopoieÐ af nontac th m�za
na exart�tai apì th paramìrfwsh, se sumfwnÐa me tic jewrÐec mèsou pedÐou. Apì thn �llh,
sth doulei� twn Ginnocchio kai Kirson [27] all� kai twn Hatch kai Levit [38], to klassikì
ìrio tou IBM proèblepe epÐshc metablht  m�za. H tropopoÐhsh aut  epiteÔqjhke pr¸ta
sth [39] kai èpeita stic [40, 41] gia ta dunamik� Davidson kai Kratzer.

To kef�laio 2 upenjumÐzei th Qamiltonian  tou Bohr kai tic gnwstèc akribeÐc thc lÔseic
gia ta dunamik� Davidson kai Kratzer. To kef�laio 3 xekin� me mia sÔntomh anadrom  gia
th melèth twn Quesne kai Tkachuk kai èpeita thn efarmìzei sth Qamiltonian  Bohr gia ta
dunamik� Davidson kai Kratzer kat� ta prìtupa twn [40, 41] antÐstoiqa. To megalÔtero
mèroc tou kefalaÐou autoÔ afier¸netai sthn analutik  perigraf  thc akriboÔc epilusimìth-
tac twn proteinìmenwn Qamitlonian¸n, me mejìdouc upersummetrik c kbantomhqanik c ìpwc
autèc efarmìsthkan stic [40, 41]. To kef�laio 4 perièqei mia ploÔsia sÔgkrish me ta pei-
ramatik� dedomèna me kainoÔria sq mata kai analÔseic, apì ekeÐna/ekeÐnec pou perièqontai
stic [40, 41]. EpÐshc anaptÔqjhke prwtìtupoc k¸dikac sth Mathematica gia twn upolo-
gismì twn tetrapolik¸n rujm¸n met�bashc ta apotelèsmata tou opoÐou paratÐjentai stouc
antÐstoiqouc pÐnakec. H fainomenologÐa thc Qamiltonian c Bohr me m�za exarthmènh apì
th paramìrfwsh eÐnai arket� ikanopoihtik , dÐnontac se eidikèc peript¸seic kalÔterh pro-
sarmog  twn lÔse¸n thc apì tic  dh up�rqousec se katast�seic me uyhl  stroform . H
sumperifor� twn rop¸n adraneÐac diorj¸netai me thn ex�rthsh thc m�zac apì th paramìr-
fwsh ìpwc deÐqnetai sto kef�laio 5.

To endiafèron gia thn akrib  epilusimìthta thc Qamiltonian c tou Bohr, eÐqe  dh anapte-
rwjeÐ stic arqèc tou 2000 ìtan kai p�li o Iachello prìteine tic summetrÐec krÐsimou shmeÐou
(critical point symmetries) [32, 33] wc dunamikèc summetrÐec sth Qamiltonian  tou Bohr
pou qarakthrÐzoun krÐsima shmeÐa metabol c sq matoc/f�shc [34]. Oi summetrÐec krÐsimou
shmeÐou E(5) kai X(5) prokÔptoun apì to �peiro phg�di dunamikoÔ sth Qamiltonian  tou
Bohr kai th dekaetÐa tou 2000 anaptÔqjhke èntonh drasthriìthta stic akribeÐc thc lÔseic
ìpwc faÐnetai sth [35], sthn opoÐa prwtagwnistoÔn ta dunamik� Davidson kai to Kratzer.
Sto IBM h melèth twn metabol¸n f�shc  tan sun¸numec me to klassikì tou ìrio [5, 26]
sto pneÔma twn metabol¸n sth summetrÐa thc basik c kat�stashc [30, 31] oi opoÐec s mera
onom�zontai kbantikèc metabolèc f�shc me idiaÐterh efarmog  se sust mata sumpuknwmènhc
Ôlhc [36]. O �peiroc arijmìc mpozonÐwn sto pl�isio tou IBM eÐnai prwtarqik c shmasÐac
gia thn an�deixh aut¸n twn fainomènwn sthn exèlixh thc dom c twn atomik¸n pur nwn [37].
H sqèsh touc me tic metabolèc sq matoc sth gewmetrÐa Bohr kai oi pijanèc summetrÐec pou
qarakthrÐzoun th met�bash, summetrÐec krÐsimou shmeÐou, anèdeixan xan� th diereÔnhsh thc
sqèshc metaxÔ tou klassikoÔ orÐou tou IBM kai thc Qamiltonian c tou Bohr.

'Omwc h melèth twn Quesne kai Tkachuk èdeixe epÐshc ìti h proteinìmenh morf  thc e-
xÐswshc Schrodinger mèsw twn genikeumènwn telest¸n thc orm c mporeÐ na perigr�yei kai
sust mata se kampÔlo q¸ro. Se autì to shmeÐo h paroÔsa diatrib  suneisfèrei epÐshc
sth melèth thc mh-sqetikistik c exÐswshc Schrodinger se sÔmmorfec suntetagmènec. Sto
Par�rthma Aþ parousi�zetai pl rhc majhmatik  apìdeixh ìti exÐswsh Schrodinger se sÔm-
morfec suntetagmènec eÐnai mia eidik  perÐptwsh tou formalismoÔ twn Quesne kai Tkachuk
gia sust mata me m�za exarthmènh apì th jèsh. To apotèlesma autì de prèpei na sugqèetai
me thn isodunamÐa twn Quesne kai Tkachuk gia th kampulìthta. 'Enac sÔmmorfoc metaqh-
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matismìc sth metrik  eÐnai pio genikìc apì th kampulìthta kaj¸c perièqei thn anafor� sto
�peiro.

O prosanatolismìc thc diatrib c sth gewmetrÐa tou Bohr kai eidikìtera sthn allag 
thc metrik c thc, ephre�zetai afenìc apì thn an�gkh ekd lwshc uyhlìterwn summetri¸n
apì thn U(5) ⊃ SO(5) se Qamiltonianèc tÔpou Bohr. An�logec katast�seic up�rqoun se
kosmologik� prìtupa [42] ìpou sth pio apl  morf  touc [43] oi paremb�seic sto stoiqeÐo
m kouc tou q¸rou antanakloÔn diaforetik� sq mata gia tic tridi�statec epif�neiec sto
qwrìqrono anadeiknÔontac uyhlìterh summetrÐa apì thn SO(3), thn SO(3, 1). Afetèrou oi
upodeÐxeic twn jewri¸n mèsou pedÐou sqetik� me to tanust  m�zac lamb�noun ètsi mia pio
fusik  morf  me bajmwtì mèroc th m�za kai tanustikì th metrik  prosfèrontac �mesa th
sÔndesh me uyhlìterec summetrÐec.

'Opwc ja deiqjeÐ sto kef�laio 5, h ex�rthsh twn rop¸n adraneÐac apì th tetrapolik 
paramìrfwsh eÐnai problhmatik  exaitÐac thc gewmetrÐac tou Bohr. O par�gontac summorfo-
poÐhshc eÐnai mia bajmwt  posìthta sto tanust  thc metrik c kai enswmat¸nei th gewmetrÐa
tou Bohr se mÐa epiplèon di�stash. Oi fainomenologikèc tou epipt¸seic sumpÐptoun me thn
ex�rthsh thc m�zac apì th paramìrfwsh kai aforoÔn th metriopoÐhsh thc upèrmetrhc aÔxh-
shc twn rop¸n adraneÐac. Sta sumper�smata dÐnetai èmfash sth nèa sqèsh pou prokÔptei
metaxÔ tou klassikoÔ orÐou tou IBM kai tou protÔpou Bohr, kaj¸c kai sth sÔndesh twn
summetri¸n krÐsimou shmeÐou me tic kbantikèc metabolèc f�shc.



Kef�laio 2

Prìtupo Bohr

H Qamiltonian  tou Bohr [1] kai oi genikeÔseic thc, to sullogikì gewmetrikì prìtupo
[8, 13, 9, 44]   ”Prìtupo Bohr ” , èqoun d¸sei gia arketèc dekaetÐec èna isqurì plaÐsio
gia th katanìhsh thc sullogik c sumperifor�c twn atomik¸n pur nwn. Sto pr¸to kef�laio
ja parousiasteÐ h qamiltonian  tou protÔpou kai oi sqetikèc lÔseic thc gia ta dunamik� Da-
vidson kai Kratzer, ta opoÐa apoteloÔn peript¸seic tou isotropikoÔ armonikoÔ talantwt 
kai thc kÐnhshc Kepler me metatopismèno el�qisto. H parousÐash twn lÔsewn gia to Da-
vidson akoloujeÐ kurÐwc thn akrib¸c diaqwrÐsimh morf  thc [45] h opoÐa exelÐssetai akìmh
perissìtero me th prìtash thc koin c aktinik c exÐswshc gia ìlouc touc tÔpouc kÐnhshc,
astajeÐc wc proc γ, axonik� summetrikoÔc kai triaxonikoÔc pur nec. H Ðdia logik  akolou-
jeÐtai kai gia to Kratzer, se antÐjesh me thn up�rqousa morf  touc stic [46, 47]. Tèloc
suzhtoÔntai ta probl mata me th par�metro m�zac, jewrhtik� kai peiramatik�, wc sÔndesh
me ì,ti akoloujeÐ sto epìmeno kef�laio.

2.1 Talant¸seic purhnik c epif�neiac

Sto prìtupo tou Bohr [1, 9] ta purhnik� f�smata ermhneÔontai b�sei twn tetrapolik¸n
paramorf¸sewn thc purhnik c epif�neiac

R(θ, φ) = R0

(
1 +

∑
µ

α∗µΥ(2)
µ (θ, φ)

)
. (2.1)

R0 eÐnai h aktÐna tou pur na se sfairik  isorropÐa. H sun�rthsh Υ
(2)
µ eÐnai o tetrapolikìc

ìroc twn kanonikopoihmènwn sfairik¸n armonik¸n. Oi par�metroi tou anaptÔgmatoc αµ,

(µ=2,1,0,−1,−2) eÐnai oi sullogikèc suntetagmènec pou perigr�foun th tetrapolik  paramìrfw-
sh. Gia mikr� αµ to sq ma gÐnetai elleiyoeidèc. H aktÐna tou sq matoc ja prèpei na mènei
analloÐwth se metasqhmatismoÔc strof¸n kai omotimÐac, gi' autì ta αµ metasqhmatÐzontai

ìpwc oi Υ
(2)
µ

α∗µ = (−1)µα−µ, (2.2)

wc sfairikoÐ tanustèc. To purhnikì f�sma ex�getai apì th kataskeu  miac Qamiltonian c
pou qarakthrÐzei thn enèrgeia thc tetrapolik c paramìrfwshc. H eisagwg  twn suzug¸n
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orm¸n gia tic suntetagmènec αµ gÐnetai mèsa apì th kanonik  kb�ntwsh tou tetrapolikoÔ
bajmoÔ eleujerÐac

[αµ, πν ] = i~δµν . (2.3)

To kinhtikì mèroc thc enèrgeiac gr�fetai

T =
1

2B

∑
µ

|πµ|2 =
−~2

2B

∑
µ

(−1)µ
∂2

∂αµ∂α−µ
, (2.4)

en¸ to dunamikì gia armonikèc talant¸seic thc epif�neiac

V =
1

2
C
∑
µ

|αµ|2 =
1

2
C
∑
µ

(−1)µαµα−µ. (2.5)

H par�metroc m�zac B kai h stajer� tal�ntwshc C lamb�nontai apì tic idiìthtec thc pu-
rhnik c Ôlhc [9, 1] oi opoÐec ja suzhthjoÔn parak�tw. Oi tetrapolikèc paramorf¸seic thc
purhnik c epif�neiac mporoÔn na exetastoÔn wc sÔsthma armonik¸n talantwt¸n me suqnì-
thta

ω =

√
C

B
. (2.6)

H Qamiltonian  gr�fetai

H = ~ω

(∑
µ

d†µdµ +
5

2

)
, (2.7)

ìpou ta

d†µ =
1√
2

(
λαµ −

i

λ~
πµ

)
, λ =

√
Bω

~
, (2.8)

perigr�foun ta diegermèna energeiak� epÐpeda wc tetrapolik� fwnìnia (mpozìnia stroform c
L = 2). H basik  kat�stash 0+ eÐnai to kenì twn tetrapolik¸n fwnonÐwn. H pr¸th
diegermènh 2+ eÐnai èna tetrapolikì fwnìnio. H sÔzeuxh dÔo tetrapolik¸n fwnonÐwn dÐnei
tic katast�seic 0+, 2+, 4+, pou deÐqnei ton ekfulismì thc deÔterhc diegermènhc kat�stashc,
k.o.k. gia tic upìloipec diegermènec.

Sto prìtupo tou Bohr kai stic epekt�seic tou to gewmetrikì sullogikì montèlo (GCM)
[9]   to algebrikì sullogikì montèlo [44], h parap�nw Qamiltonian  perigr�fei purhnik�
f�smata me isapèqonta energeiak� epÐpeda. EÐnai par�deigma isotropikoÔ talantwt  se pènte
diast�seic (µ=2,1,0,−1,−2) me om�da summetrÐac th U(5).

Apì thn �llh, pl joc purhnik¸n fasm�twn proseggÐzoun peristrofikì qarakt ra pou
apoklÐnei apì ekeÐnon tou armonikoÔ talantwt . Sto prìtupo tou Bohr to peristrofikì
f�sma epitugq�netai apì Qamiltonian  pou par�getai mèsw miac eidik c parametropoÐhshc,
  thc epibol c desm¸n, sta αµ.

Ta αµ wc sfairikoÐ tanustèc [1], metasqhmatÐzontai sÔmfwna me thn L = 2 mh anagwgÐ-
simh anapar�stash thc SO(3)

aν =
2∑

µ=−2

αµD2
µν(Ω), (2.9)
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ìpou D2
µν(Ω) h m tra tou Wigner [48]. O Bohr prokeimènou na eis�gei peristrofikì qarakt -

ra sto f�sma tou tetrapolikoÔ bajmoÔ eleujerÐac (se 5 diast�seic) eis gage to sÔsthma
twn kurÐwn axìnwn   ìpwc sunhjÐzetai na lègetai to eswterikì (intrinsic frame)   sÔsth-
ma s¸matoc (body frame). Oi qrono-exart¸menec gwnÐec Euler Ω = (Φ,Θ, ψ) lègetai ìti
kajorÐzoun to prosanatolismì twn kurÐwn axìnwn wc proc to sÔsthma ergasthrÐou. Oi
tetrapolikèc paramorf¸seic den eÐnai plèon tuqaÐec sto q¸ro, ìpwc sumbaÐnei sto sÔsthma
ergasthrÐou. KajorÐzontai b�sei tou prosanatolismoÔ tou sust matoc twn kurÐwn axìnwn
wc proc to sÔsthma ergasthrÐou. Treic suzugeÐc stroformèc wc proc tic gwnÐec Euler kai
treic kbantikoÐ arijmoÐ epilègoun th tetrapolik  paramìrfwsh tou sq matoc. AutoÐ eÐnai h
olik  stroform  L, h probol  thc M ston �xona ergasthrÐou z, kai h probol  thc K ston
�xona z′ tou s¸matoc.

H eidik  epilog  tou Bohr [1] gia to sÔsthma twn kurÐwn axìnwn parametropoieÐ ta aν

a0 = β cos γ, a2 = a−2 =
1√
2
β sin γ, a1 = a−1 = 0, (2.10)

  apeujeÐac ta αµ [44]

αµ(β, γ,Ω) = β

[
cos γD2

0µ(Ω) +
1√
2

sin γ
(
D2

2µ(Ω) +D2
−2µ(Ω)

)]
. (2.11)

Oi strofèc tou eswterikoÔ sust matoc wc proc ton eautì tou mporoÔn na gÐnoun me 24
diaforetikoÔc trìpouc (gia sfairik  summetrÐa me �peirouc) [1] oi opoÐoi wc par�gontec
f�shc kajorÐzoun tic summetrÐec thc kumatosun�rthshc. H purhnik  epif�neia ètsi perigr�-
fetai me dÔo metablhtèc sq matoc (β, γ). H metablht  β dhl¸nei to apìluto mègejoc thc
tetrapolik c paramìrfwshc tou pur na∑

µ

|αµ|2 = a0 + 2a2 = β2. (2.12)

To dunamikì armonikoÔ talantwt  sto tetrapolikì bajmì eleujerÐac paÐrnei th morf 

V =
1

2
Cβ2. (2.13)

Ektìc apì touc desmoÔc stic tetrapolikèc suntetagmènec αµ pou epib�llontai apì to sÔ-
sthma twn kurÐwn axìnwn, epiplèon desmoÐ stic metablhtèc sq matoc apokalÔptoun axonikèc
summetrÐec. Oi kÔrioi �xonec κ = 1, 2, 3 ufÐstantai tic metabolèc [1]

δRk =

√
5

4π
βR0 cos

(
γ − κ2π

3

)
. (2.14)

Ta zeÔgh tim¸n (γ, κ) = (0, 3),(2π/3, 1) kai (4π/3, 2) dÐnoun mon�da gia to sunhmÐtono kai
par�goun epimhkusmèno (prolate) elleiyoeidèc me �xona summetrÐac to ek�stote κ. OmoÐwc
ta zeÔgh (γ, κ) = (π, 3),(π/3, 2) kai (5π/3, 1) par�goun peplatusmèno (oblate) elleiyoeidèc
me �xona summetrÐac to ek�stote κ. Gia ìlec tic �llec timèc lamb�netai paramorfwmèno
sq ma dÐqwc k�poion �xona summetrÐac. H gwnÐa γ deÐqnei thn apìklish apì thn axonik 
summetrÐa.
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2.2 Qamiltonian  tou Bohr

H Qamiltonian 

H = − ~2

2B
∇2 +

1

2
Cβ2, (2.15)

antistoiqeÐ sthn eidik  parametropoÐhsh tou Bohr kai mporeÐ na kataskeuasteÐ apì th la-
plasian  (telest c Laplace-Beltrami   perigraf  Pauli-Podolsky [49])

∇2 =
∑
ij

1
√
g
∂i
√
ggij∂j. (2.16)

Ta stoiqeÐa thc m trac gij brÐskontai apì to metasqhmatismì twn suntetagmènwn αµ stic
metablhtèc q1 = β, q2 = γ, q3 = Φ, q4 = Θ, q5 = ψ. H metrik  gij orÐzei stoiqeÐo m kouc

ds2 =
∑
ij

gijdq
idqj, (2.17)

kai ta stoiqeÐa thc brÐskontai apì th sqèsh

gij =
∑
µν

∂αµ
∂qi

∂αν
∂qj

δµν . (2.18)

H metrik  thc eidik c parametropoÐhshc tou Bohr eÐnai [44, 40]

gij =


1 0 0 0 0
0 β2 0 0 0
0 0 gΦΦ gΦΘ gΦψ

0 0 gΘΦ gΘΘ 0
0 0 gψΦ 0 gψψ

 , (2.19)

me [40]

gΦΦ =
J1

B
sin2 Θ cos2 ψ +

J2

B
sin2 Θ sin2 ψ +

J3

B
cos2 Θ,

gΦΘ =
1

B
(J2 − J1) sin Θ sinψ cosψ,

gΦψ =
J3

B
cos Θ,

gΘΘ =
J1

B
sin2 ψ +

J2

B
cos2 ψ,

gψψ =
J3

B
.

(2.20)

Oi posìthtec

Jk = 4Bβ2 sin2

(
γ − k2π

3

)
, (2.21)
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eÐnai oi ropèc adraneÐac ìpwc ja faneÐ kai apì th Qamiltonian . H diag¸nia metrik  sumbaÐnei
gia J1 = J2,J3 = 0. H orÐzousa thc metrik c brÐsketai na eÐnai [1]

g =
J1J2J3

B3
β2 sin2 Θ = 4β8 sin2 3γ sin2 Θ, (2.22)

me stoiqeÐo ìgkou
dV = 2β4 sin 3γ sin ΘdΦdΘdψdβdγ. (2.23)

Apì ta stoiqeÐa thc metrik c kai thn orÐzous� thc upologÐzetai h laplasian  (2.16). Anti-
kajist¸ntac th sthn (2.15) apokalÔptetai h Qamiltonian  tou Bohr

HB = − ~2

2B

[
1

β4

∂

∂β
β4 ∂

∂β
+

1

β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
− 1

4β2

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
)]+

1

2
Cβ2.

(2.24)
Oi Qk(k = 1, 2, 3) eÐnai oi sunist¸sec thc troqiak c stroform c sto sÔsthma twn kurÐwn
axìnwn (sth [50] dÐnontai oi analutikèc ekfr�seic touc). O kinhtikìc ìroc sp�ei se èna
donhtikì

Tvib = − ~2

2B

[
1

β4

∂

∂β
β4 ∂

∂β
+

1

β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ

]
, (2.25)

kai èna peristrofikì ìro

Trot = − ~2

2B

[
− 1

4β2

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
)] . (2.26)

Ston Trot o suntelest c twn Qk eÐnai ropèc adraneÐac pou orÐsthkan wc tètoiec apì thn
exÐswsh (2.21). Apì thn �llh, o donhtikìc ìroc Tvib sp�ei ston ìro twn diegèrsewn kat� β

Tβ = − ~2

2B

[
1

β4

∂

∂β
β4 ∂

∂β

]
, (2.27)

pou deÐqnei tic axonikèc diegèrseic thc epif�neiac, kai se ekeÐnon kat� γ

Tγ = − ~2

2B

[
1

β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ

]
, (2.28)

pou deÐqnei tic diegèrseic thc epif�neiac pou thn k�noun na apoklÐnei apì thn axonik  sum-
metrÐa. Oi diegèrseic tou pur na den eÐnai anagkastik� aposuzeugmènec wc proc tic ka-
teujÔnseic (β, γ), autì �llwste faÐnetai kai apì th parousÐa tou β2 ston Tγ. En gènei
h sumperifor� thc epif�neiac wc proc tic diegèrseic β kai γ qarakthrÐzetai apì dunamikì
V (β, γ). Sth genikìtht� thc h Qamiltonian  tou Bohr gr�fetai

HB = Tβ + Tγ + Trot + V (β, γ). (2.29)

Oi idiokatast�seic tou telest  Trot eÐnai [19] |LMK〉 =
√

2I+1
8π2 DLMK(Ω), me D th sun�rthsh

Wigner, oi opoÐec domoÔn tic mh anagwgÐsimec anaparast�seic thc summetrÐac SO(3). Oi
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idiokatast�seic twn telest¸n Tβ kai Tγ ephre�zontai apì th morf  tou dunamikoÔ V (β, γ).
Wstìso, to genikì qarakthristikì tou protÔpou eÐnai h omadopoÐhsh twn mh anagwgÐsimwn
anaparast�sewn thc SO(3) se energeiakèc z¸nec. AxÐzei na proanaferjoÔn poiotik� ta
genik� qarakthristik� tou f�smatoc thc HB.

Oi diegèrseic wc proc β eis�goun nèo kbantikì arijmì nβ o opoÐoc orÐzei kai tic z¸nec β
(”β-bands”). Gia nβ = 0 h epif�neia emfanÐzei kÐnhsh mhdenikoÔ shmeÐou (zero point motion)
wc th basik  z¸nh (ground state band) peristrofik¸n katast�sewn. Oi diegèrseic wc proc
γ eis�goun to kbantikì arijmì nγ o opoÐoc orÐzei tic z¸nec -γ (”γ-bands”). Stic peript¸seic
ìpou to sq ma isorropÐac den eÐnai kal� paramorfwmèno, ìpwc stouc astajeÐc wc proc γ
pur nec, oi antÐstoiqec z¸nec kaloÔntai wc hmÐ-β (quasi-β) kai hmÐ-γ (quasi-γ) antÐstoiqa.

2.2.1 AstajeÐc wc proc γ pur nec

To dunamikì V (β, γ) apoteleÐ èna desmì gia th kÐnhsh wc proc (β, γ)   th stajeropoieÐ gÔrw
apì k�poio el�qisto thc sun�rthshc V (β, γ). An V (β, γ) = V (β) h kÐnhsh stajeropoieÐtai
wc proc β, wc proc γ af netai astaj c. Sthn [51] autìc o trìpoc kÐnhshc melet jhke gia
pr¸th for� kai afor� pur nec stouc opoÐouc sumbaÐnei apìklish apì th sfairik  summetrÐa
dÐqwc energeiakì kìstoc. Oi Tγ kai Trot dÐnoun

Tγ + Trot = − ~2

2B

(−1)Λ2

β2
, (2.30)

Λ2 = − 1

sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+

1

4

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
) . (2.31)

H Qamiltonian  tou Bohr gÐnetai [50, 53, 54]

HB = − ~2

2B

[
1

β4

∂

∂β
β4 ∂

∂β
− Λ2

β2

]
+ V (β). (2.32)

Aut  eÐnai mia aktinik  Qamiltonian  me to fugìkentro ìro Λ2 na paÐzei to rìlo genikeumènhc
stroform c se 5 diast�seic. Gia thn akrÐbeia, Λ2 eÐnai o deÔterhc t�xhc telest c Casimir thc
om�dac summetrÐac SO(5) [50, 53, 54, 44] me idiokatast�seic pou domoÔn tic mh anagwgÐsimec
anaparast�seic thc. H exÐswsh tou Schrodinger eÐnai

HBΨ =

[
−1

2

1

β4

∂

∂β
β4 ∂

∂β
+

1

2

Λ2

β2
+ v(β)

]
Ψ = εΨ, (2.33)

ìpou anhgmènec enèrgeiec ε = BE/~2 kai anhgmèna dunamik� v = BV/~2 èqoun qrhsimopoi-
hjeÐ. Tìte oi kumatosunart seic tÐjentai sth morf  [51]

Ψ(β, γ,Ω) = ξ(β)Φ(γ,Ω). (2.34)

O qwrismìc twn metablht¸n dÐnei thn aktinik  exÐswsh[
−1

2

1

β4

∂

∂β
β4 ∂

∂β
+

1

2

τ(τ + 3)

β2
+ v(β)

]
ξ(β) = εξ(β). (2.35)
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H gwniak  exÐswsh
Λ2Φ(γ,Ω) = τ(τ + 3)Φ(γ,Ω), (2.36)

èqei lujeÐ apì ton Bès [52]. O Λ2 metatÐjetai me ton L2 kai ton Q3. H gwniak  sun�rthsh
anaptÔssetai sto pl rec sÔsthma twn idiosunart sewn Wigner DLMK(Ω) [50, 57],

Φτ ν̃∆LM(γ,Ω) =
L∑

K=0,even

ητ ν̃∆LK(γ)φLMK(Ω), (2.37)

me φLMK(Ω) = [(2L + 1)/(16π2(1 + δK,0))]1/2[DLMK(Ω) + (−1)LDLM−K(Ω)] kai ητ ν̃∆LK(γ)
polu¸numa ta opoÐa perièqoun trigwnometrikèc sunart seic tou γ [57]. τ(τ + 3) ≡ Λ [32]
anaparist� tic idiotimèc tou analloÐwtou telest  Casimir thc om�dac summetrÐac SO(5),
en¸ τ eÐnai o kbantikìc arijmìc thc seniority o opoÐoc qarakthrÐzei tic mh anagwgÐsimec
anaparast�seic thc SO(5). Oi timèc thc troqiak c stroform c L pou sumbaÐnoun gia k�je
τ exart¸ntai apì to qamèno kbantikì arijmì ν̃∆ (den antanakl� k�poia summetrÐa) kai dÐnontai
apì ton algìrijmo twn [5, 51]. Mèsa sth basik  z¸nh (gsb) dÐnei L = 2τ . H kat�stash
L = 2 thc quasi-γ1 z¸nhc eÐnai ekfulismènh me thn L = 4 thc gsb, h L = 3, 4 thc quasi-
γ1 z¸nhc eÐnai ekfulismènec me thn L = 6 thc gsb, oi L = 5, 6 thc quasi-γ1 z¸nhc eÐnai
ekfulismènec sthn L = 8 thc gsb, k.o.k.

2.2.2 Axonik� summetrikoÐ epim keic (prolate) pur nec

H kÐnhsh wc proc γ mporeÐ na stajeropoihjeÐ gÔrw apì to mhdèn apì kat�llhlo dunamikì
w(γ) me el�qisto sto γ = 0. To sq ma gÐnetai axonik� summetrikì epim kec (prolate). Gia
thn akrÐbeia, sto γ = 0 to γ-mèroc twn rop¸n adraneÐac (2.21) dÐnei J3 = 0, J1 = J2,
par�gontac th diag¸nia metrik  tou Bohr ìpwc faÐnetai apì to mhdenismì twn mh diag¸niwn
stoiqeÐwn thc (2.20). Gia mikrèc talant¸seic gÔrw apì to shmeÐo isorropÐac, γ ≈ 0 , to γ
mèroc twn rop¸n adraneÐac anaptÔssetai dÐnontac ìro thc troqiak c stroform c [33]∑

k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
) ≈ 4

3
(Q2

1 +Q2
2 +Q2

3) +Q2
3

(
1

sin2 γ
− 4

3

)
. (2.38)

Oi idiokatast�seic tou Trot (2.26) eÐnai oi sunart seic Wigner �ra

TrotDLMK(Ω) =
~2

2B

1

4β2

[
4

3
L(L+ 1) +K2

(
1

sin2 γ
− 4

3

)]
DLMK(Ω). (2.39)

Gr�fontac tic kumatosunart seic [33, 47]

Ψ(β, γ,Ω) = φLK(β, γ)DLM,K(Ω), (2.40)

h exÐswsh tou Schrodinger gÐnetai

HBΨ =

{
−1

2

1

β4

∂

∂β
β4 ∂

∂β
− 1

2β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+

1

8β2

[
4

3
L(L+ 1)+

K2

(
1

sin2 γ
− 4

3

)]
+ v(β, γ)

}
φLK(β, γ) = εφLK(β, γ). (2.41)
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O akrib c diaqwrismìc epitugq�netai apì thn epilog  v(β, γ) = v(β) + w(γ)/β2. Tìte
φLK(β, γ) = ξ(β)ηK(γ) kai h (2.41) gr�fetai

Tβξ(β)

ξ(β)
+

1

β2

{
TγηK(γ)

ηK(γ)
+

1

4

TrotηK(γ)

ηK(γ)
+ w(γ)

}
+ v(β) = ε. (2.42)

'Opwc anafèrjhke h parousÐa tou ìrou 1/β2 sto gwniakì mèroc den odhgeÐ sth plhrh
aposÔzeuxh thc aktinik c apì th gwniak  exÐswsh. Sthn [33] to prìblhma autì lÔnetai
me th l yh thc mèshc tim c 〈β2〉 stic katast�seic ξ(β) kai thn eisagwg  thc sth gwniak 
exÐswsh wc mia par�metro. An kai aut  eÐnai mia peiramatik� sunep c antimet¸pish, edw ja
qrhsimopoi soume th prosèggish thc [45] ìpou o akrib c diaqwrismìc epitugq�netai wc[

−1

2

1

β4

∂

∂β
β4 ∂

∂β
+

Λ̃

2β2
+ v(β)

]
ξ(β) = εξ(β), (2.43)

[
− 1

sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+
K2

4

(
1

sin2 γ
− 4

3

)
+ 2w(γ)

]
ηK(γ) = ληK(γ), (2.44)

ìpou

Λ̃ = λ+
L(L+ 1)

3
. (2.45)

AxÐzei na shmeiwjeÐ ìti h exÐswsh (2.43) èqei thn Ðdia morf  ìpwc kai h (2.35), me th teleutaÐa
na lamb�netai sth perÐptwsh twn astaj¸n wc proc γ pur nwn. Wstìso, ta apotelèsmata
diafèroun wc proc th fusik  tou probl matoc. H ex�rthsh apì th troqiak  stroform ,
perieqìmenh sta Λ̃ kai Λ antÐstoiqa, eÐnai diaforetik . Epiprosjètwc, h gwniak  exÐswsh
eÐnai diaforetik  se k�je perÐptwsh exaitÐac thc diaforetik c metaqeÐrishc thc metablht c
γ. Sth pr¸th perÐptwsh o gwniakìc bajmìc eleujerÐac γ periorÐzetai se γ ≈ 0, en¸ sth
teleutaÐa eÐnai anex�rthtoc tou γ.

H exÐswsh (2.44) gia γ ≈ 0 gÐnetai [33][
−1

γ

∂

∂γ
γ
∂

∂γ
+
K2

4γ2
+ 2w(γ)

]
ηK(γ) = εγηK(γ). (2.46)

Gia to dunamikì tou armonikoÔ talantwt 

w(γ) =
1

2
(3c)2γ2, (2.47)

oi lÔseic eÐnai [33]

λ = εγ −
K2

3
, εγ = (6c)(nγ + 1), nγ = 0, 1, 2, . . . (2.48)

Oi epitrepìmenec z¸nec qarakthrÐzontai apì

nγ = 0, K = 0; nγ = 1, K = ±2;

nγ = 2, K = 0,±4; . . . (2.49)
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Telik�

Λ̃ =
L(L+ 1)−K2

3
+ εγ =

L(L+ 1)−K2

3
+ (6c)(nγ + 1). (2.50)

Oi idiosunart seic dÐnontai se ìrouc twn poluwnÔmwn Laguerre [45]

ηnγ |K|(γ) = Cnγ,|K|γ
|K/2|e−(3c)γ2/2L

|K/2|
ñ (3cγ2),

ñ = (nγ − |K/2|)/2. (2.51)

2.2.3 TriaxonikoÐ pur nec

Gia lìgouc plhrìthtac parousi�zetai kai aut  h perÐptwsh, sthn opoÐa wstìso ta peira-
matik� dedomèna eÐnai sqedìn anÔparkta. Ed¸ to dunamikì paÐrnei xan� th morf  v(β, γ) =
v(β) + w(γ)/β2 all� me bajÔ el�qisto tou w(γ) sto γ = π/6. To K, h probol  thc tro-
qiak c stroform c ston �xona z′ tou s¸matoc, den eÐnai kalìc kbantikìc arijmìc plèon.
To α, h probol  thc troqiak c stroform c ston �xona tou s¸matoc x′ qrhsimopoieÐtai,
ìpwc brèjhke sth [58] apì th melèth tou triaxonikoÔ peristrofèa [59, 60]. Tìte h troqiak 
stroform  gr�fetai [58, 83]∑

k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
) ≈ 4(Q2

1 +Q2
2 +Q2

3)− 3Q2
1. (2.52)

Oi kumatosunart seic paÐrnoun th morf  [83]

Ψ(β, γ, θi) = φLα(β, γ)DLM,α(Ω), (2.53)

O qwrismìc twn metablht¸n odhgeÐ se[
−1

2

1

β4

∂

∂β
β4 ∂

∂β
+

Λ̄

2β2
+ v(β)

]
ξ(β) = εξ(β), (2.54)

[
− 1

sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+ 2w(γ)

]
η(γ) = Λ′η(γ), (2.55)

me φLα(β, γ) = ξL,α(β)η(γ), kai

Λ̄ =
4L(L+ 1)− 3α2

4
+ Λ′. (2.56)

H (2.55) èqei lujeÐ gia to dunamikì armonikoÔ talantwt 

w(γ) =
1

4
c
(
γ − π

6

)2

, (2.57)

gia th perÐptwsh tou γ ≈ π/6 [83], h opoÐa dÐnei

Λ′ = εγ =
√

2c

(
nγ +

1

2

)
. (2.58)
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Telik�

Λ̄ =
4L(L+ 1)− 3α2

4
+
√

2c

(
nγ +

1

2

)
. (2.59)

IsqÔei kai se aut  th perÐptwsh h koin  morf  thc aktinik c exÐswshc. Sth bibliografÐa
twn triaxonik¸n pur nwn eÐnai sÔnhjec antÐ thc probol c α na qrhsimopoieÐtai o kbantikìc
arijmìc thc ”tal�nteushc” (wobbling) [8, 58] nw = L − α. Eis�gontac α = L − nw sth
(2.59) lamb�netai

Λ̄ =
L(L+ 4) + 3nw(2L− nw)

4
+
√

2c

(
nγ +

1

2

)
. (2.60)

2.3 Isotropikìc Talantwt c kai kÐnhsh Kepler

'Opwc deÐqthke o qwrismìc twn metablht¸n eÐnai tètoioc ¸ste na af nei analloÐwth thn
aktinik  exÐswsh gia k�je gwniakì tÔpo kÐnhshc. Oi lÔseic thc exart¸ntai apì th morf 
tou dunamikoÔ v(β). Se ì,ti akoloujeÐ h aktinik  exÐswsh ja èqei wc arijmht  tou fugìken-
trou ìrou th posìthta Λ upono¸ntac th kat�llhlh antikat�stash k�je for�. O armonikìc
talantwt c kai dunamik� tÔpou Coulomb (kÐnhsh Kepler) èqoun qrhsimopoihjeÐ gia to v(β)
kai oi lÔseic touc eÐnai gnwstèc [50, 46]. Efarmozìmena arqik� sth moriak  fusik , ta du-
namik� Davidson kai Kratzer sto prìtupo Bohr par�goun basikèc katast�seic me spasmènh
sfairik  summetrÐa, an kai to sq ma touc diathreÐ ekeÐna tou isotropikoÔ talantwt  kai thc
kÐnhshc Kepler.

2.3.1 Dunamikì Davidson

To dunamikì Davidson [55]

u(β) = β2 +
β4

0

β2
, (2.61)

dhl¸nei isotropikì talantwt  me th par�metro β0 sto fugìkentro ìro na dhl¸nei th jèsh
tou elaqÐstou tou. H β0 antanakl� th tetrapolik  paramìrfwsh thc basik c kat�stashc.
Oi lÔseic thc Qamiltonian c tou Bohr gia to dunamikì tou Davidson eÐnai gnwstèc kai
idiaÐtera dhmofileÐc kaj¸c anapar�goun se polÔ kal  akrÐbeia tic kanonikìthtec twn rujm¸n
met�bashc B(E2)s apì th deÔterh sth pr¸th diegermènh kat�stash (kanonikopoihmènh wc
proc th met�bash thc pr¸thc diegermènhc sth basik ) [45]. H aktinik  exÐswsh lamb�nei th
morf 

HBΨ =

[
−1

2

1

β4

∂

∂β
β4 ∂

∂β
+

1

2

(Λ + β4
0)

β2
+ β2

]
ξ(β) = εξ(β), (2.62)

ìpou qr sh tou Λ ≡ τ(τ + 3) anafèretai stouc astajeÐc wc proc γ pur nec, en¸ h anti-
kat�stas  tou me to Λ̃ anafèretai stouc axonik� summetrikoÔc epim keic pur nec. Oi J.P.
Elliott, J. A. Evans kai P. Park [54] efarmìzontac to Davidson stouc astajeÐc wc proc γ
pur nec, èdeixan ìti me thn antikat�stash

p(p+ 3) = τ(τ + 3) + β4
0 ≡ Λ + β4

0 , (2.63)
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Β0=4

Β0=2

Β0=1

V
HΒ

L

Β

Sq ma 2.1: To dunamikì Davidson V (β) = β2 +
β4

0

β2 kai to analloÐwto thc morf c tou (Shape

invariance) k�tw apì th metatìpish thc paramètrou tou.

sto fugìkentro ìro, h summetrÐa SO(5) sunthreÐtai. Oi lÔseic thc aktinik c exÐswshc eÐnai
[45, 56]

ξ(β) ≡ FL
n (β) =

[
2n!

Γ
(
n+ p+ 5

2

)]1/2

βp+2L
p+ 3

2
n e−β

2/2, (2.64)

ìpou Γ(n) h sun�rthsh Γ, kai L
p+ 3

2
n (β2) ta prosarthmèna polu¸numa Laguerre. Mèsw thc

(2.63)

p = −3

2
+

√
Λ + β4

0 +
9

4
, (2.65)

ìpou ed¸ ektìc apì touc astajeÐc wc proc γ, oi lÔseic autèc isqÔoun kai gia touc axonik�
summetrikoÔc me thn antikat�stash tou Λ me to Λ̃. Oi idiotimèc thc enèrgeiac eÐnai

En,L = 2n+ p+
5

2
= 2n+ 1 +

√
Λ + β4

0 +
9

4
. (2.66)

H pl rhc kumatosun�rthsh gia to dunamikì Davidson eÐnai

Ψ(β, γ,Ω) = FL
n (β)η(γ)

[
2L+ 1

(16π2(1 + δK,0))

]1/2 [
DLMK(Ω) + (−1)LDLM−K(Ω)

]
, (2.67)

ìpou η(γ) oi kumatosunart seic wc proc γ gia touc astajeÐc wc proc γ   touc axonik�
summetrikoÔc epim keic pur nec. 'Enac astaj c wc proc γ pur nac anaparÐstatai apì mia
sugkekrimènh tim  thc paramètrou β0 h opoÐa lamb�netai apì th prosarmog  kat� rms (root
mean square fitting) twn lÔsewn gia to f�sma thc (2.66) sto antÐstoiqo peiramatikì. An-
tÐstoiqa, ènac axonik� summetrikìc epim khc pur nac anaparÐstatai apì sugkekrimènh tim 
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sto set twn paramètrwn (β0, c) h opoÐec lamb�nontai omoÐwc. Autìc eÐnai kai o lìgoc epi-
kr�thshc tou fainomenologikoÔ protÔpou Bohr gia p�nw apì 60 qrìnia, pou ìpwc lèei kai
o Casten me sqetik� polÔ mikrì arijmì paramètrwn eÐmaste se jèsh na xèroume to ti k�nei
ènac atomikìc pur nac, ìqi ìmwc giatÐ to k�nei.

2.3.2 Dunamikì Kratzer

Β

V HΒL

B = 1

B = 1.5

B = 2

Sq ma 2.2: To dunamikì Kratzer V (β) = −A
β

+ A2B
β2 kai to analloÐwto thc morf c tou (Shape

invariance) k�tw apì th metatìpish thc paramètrou tou B. H par�metroc A èqei tejeÐ Ðsh
me th mon�da, deÐte to Par�rthma Bþ gia to p¸c h A ephre�zei th klÐmaka tim¸n tou β.

To dunamikì Kratzer qrhsimopoi jhke gia pr¸th for� sto prìtupo Bohr se mia seir�
apì douleièc twn Fortunato kai Vitturi [47, 46]. H sumbat  morf  pou qrhsimopoi jhke me
th paroÔsa doulei� eÐnai

v(β) = −A
β

+
A2B

β2
, (2.68)

ìpou oi par�metroi A kai B rujmÐzoun par�llhla to b�joc kai th jèsh tou elaqÐstou tou
dunamikoÔ. H par�metroc A mporeÐ na prokÔyei wc ènac par�gontac klÐmakac, ìpwc deÐqthke
sth [41] kai gia lìgouc plhrìthtac parousi�zetai sto Par�rthma Bþ. Oi qarakthristikèc
kampÔlec tou Kratzer sthn eikìna 2.2 faner¸noun to analloÐwto sq matoc (Shape Invaria-
nce), idiìthta pou ja suzhthjeÐ ekten¸c sto kef�laio 3.

H aktinik  exÐswsh lamb�nei th morf 

HBΨ =

[
−1

2

1

β4

∂

∂β
β4 ∂

∂β
+

1

2

(Λ +B)

β2
− A

β

]
ξ(β) = εξ(β), (2.69)

ìpou Λ   Λ̃ gia touc astajeÐc wc proc γ   touc axonik� summetrikoÔc pur nec.
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Qrhsimopoi¸ntac to sumbolismì thc [47, 46] oi kanonikopoihmènec kumatosunart seic
lamb�noun th morf  ξ(β) = χ(β)/β2. Eidikìtera oi χ(β) eÐnai basik� k�poia polu¸numa
Laguerre me

χ(x)n,L =

√
n!

Γ(n+ 2p+ 1)
xp+

1
2 e−x/2L(2p)

n (x), (2.70)

ìpou

ε = −ε, x = 2β
√
ε, p =

√
Λ +

9

4
+B,

√
ε =

A/2

p+ n+ 1
2

. (2.71)

To f�sma twn astaj¸n wc proc γ pur nwn lamb�netai wc èqei, en¸ to antÐstoiqo twn
axonik� summetrik¸n epim kwn pur nwn lamb�netai apì thn antikat�stash tou Λ me to Λ̃.
AxÐzei na shmeiwjeÐ ìti to f�sma autì diafèrei apì to antÐstoiqo thc [46] gia to dunamikì
Kratzer. Autì ofeÐletai sthn èkfrash gia thn enèrgeia lìgw thc koin c morf c thc aktinik c
exÐswshc. Sthn [46] ε = εβ + εγ me tic idiotimèc εγ na lamb�nontai apì th gwniak  exÐswsh
qrhsimopoi¸ntac th posìthta 〈β2〉 stic ξ(β). Ed¸, lamb�nontai apì tic antikatast�seic thc
(2.71).

2.4 H par�metroc m�zac

Sun jwc, ìpwc kai parap�nw, h m�za sth Qamiltonian  tou Bohr lamb�netai stajer . W-
stìso h suss¸reush peiramatik¸n dedomènwn tic dekaetÐec pou pèrasan dhl¸noun ìti mia
tètoia prosèggish m�llon eÐnai mh epark c. Sugkekrimèna:

1) Oi ropèc adraneÐac (2.21) problèpontai na eÐnai an�logec tou β2. Oi peiramatikèc timèc
gia th purhnik  paramìrfwsh β2 lamb�nontai apì ta peiramatik� dedomèna gia touc rujmoÔc
met�bashc (B(E2)), idÐwc gia touc kal� paramorfwmènouc pur nec [19]. Oi antÐstoiqec gia
tic ropèc adraneÐac lamb�nontai apì to peristrofikì f�sma enìc atomikoÔ pur na kai deÐ-
qnoun mia polÔ metriìterh aÔxhsh se sqèsh me to β. Aut  h asumfwnÐa me ta peiramatik�
dedomèna èqei odhg sei sto epiqeÐrhma ìti h Qamiltonian  tou Bohr dikaiologeÐ th qr sh
thc gia donhtikoÔc kai metabatikoÔc pur nec, all� h qr sh thc gia peristrofikoÔc pur nec
qrei�zetai akìma perissìterh diereÔnhsh. Gia th akrÐbeia, o pollaplasiastikìc par�gontac
1/β2 tou fugìkentrou ìrou thc Qamiltonian c tou Bohr, 1

β2 Λ2, dhmiourgeÐ aut  th problh-

matik  sumperifor�, parìlo pou o telest c Λ2 epitrèpei th taxinìmhsh twn idiokatast�se¸n
thc stic anaparast�seic thc SO(5).

2) LeptomereÐc sÔgkriseic me ta peiramatik� dedomèna, apì tic douleièc twn R.V. Jolos
kai P. von Brentano èqoun prìsfata deÐxei ìti [14, 15, 16, 17, 18] o tanust c m�zac thc
sullogik c Qamiltonian c de mporeÐ na jewrhjeÐ mia stajer  posìthta, all� mia sun�rthsh
twn sullogik¸n suntetagmènwn, me touc tetrapolikoÔc kai touc dekaexapolikoÔc ìrouc
parìntec, epiprosjètwc tou monopolikoÔ.

3)To prìtupo twn allhlepidr¸ntwn mpozonÐwn (Interacting Boson Model, IBM) [5, 34],
prosfèrei mian algebrik  perigraf  gia touc atomikoÔc pur nec mèsw twn anaparast�sewn
thc U(6), sumplhrwmatik  wc proc ekeÐnh thc qamiltonian c tou Bohr. Sto gewmetrikì
tou ìrio, pou lamb�netai apì tic sÔmfwnec katast�seic thc U(6) [5], ìroi thc morf c β2pβ
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(ìpou pβ h suzug c orm  thc β)   kai pio perÐplokoi emfanÐzontai [29], epiprosjètwc tou
sun jouc ìrou thc kinhtik c enèrgeiac p2

β. 'Ara Ðswc eÐnai kat�llhlo na y�xoume gia mia
tropopoihmènh morf  thc Qamiltonian c tou Bohr sthn opoÐa h morf  thc kinhtik c enèrgeiac
ja tropopoihjeÐ apì ìrouc orm c pou perièqoun th β2 kai �ra pio perÐplokouc ìrouc.

Ja prèpei na shmeiwjeÐ ìti h ènnoia miac mh stajer c m�zac sto plaÐsio thc Qamiltonia-
n c tou Bohr èqei qrhsimopoihjeÐ polÔ prin se arijmhtikoÔc upologismoÔc miac genikeumènhc
Qamiltonian c tou Bohr [62], ìpwc epÐshc kai stouc antÐstoiqouc upologismoÔc mèsou pedÐou
[12]. H kÔria diafor� thc paroÔsac doulei�c apì tic prohgoÔmenec eÐnai h akrib c epilusimì-
thta thc Qamiltonian c tou Bohr me autì to trìpo. Epiprosjètwc, sth paroÔsa perÐptwsh
o arijmìc twn eleujèrwn paramètrwn eÐnai mikrìc (dÔo   treic), en¸ h sunarthsiak  ex�rth-
sh thc m�zac apì th paramìrfwsh diamorf¸netai apì thc sunj kh oloklhrwsimìthtac thc
upersummetrik c kbantomhqanik c gia ta dunamik� Davidson kai Kratzer antÐstoiqa.



Kef�laio 3

M�za exarthmènh apì th
paramìrfwsh

Sto parìn kef�laio parousi�zetai mia Qamiltonian  tÔpou Bohr me m�za exarthmènh apì
th metablht  β, diathr¸ntac afenìc thn ermitianìtht� thc, afetèrou th koin  morf  thc
aktinik c exÐswshc kai apì trÐtou thn akrib  epilusimìtht� thc gia ta dunamik� Davidson
kai Kratzer. H par�metroc m�zac gia aut� ta dunamik� ja eÐnai h sun�rthsh B(β) = B0/(1+
aβ2)2 kai B(β) = B0/(1 + aβ)2 antÐstoiqa, ìpou B0 kai a jewroÔntai jetikèc stajerèc.

Se tètoiec peript¸seic, ìtan dhlad  h m�za exart�tai apì th jèsh m(x) (B(β)), h ermi-
tianìthta thc qamiltonian c den isqÔei kaj¸c h m(x) (B(β)) de metatÐjetai me thn orm  px
(pβ). Autì  tan kai èna qrìnio prìblhma sto prìtupo Bohr gia th kataskeu  qamiltonian c
me m�za exarthmènh apì thn axonik  paramìrfwsh. O Von Roos [63] eÐqe  dh apì tic arqèc
tou '80 proteÐnei ermitian  qamiltonian  me m�za exarthmènh apì th jèsh. H melèth twn
C. Quesne kai V. Tkachuk anafèretai sth qamiltonian  tou Von Roos kai epitugq�nei thn
algebrik  epilusimìtht� thc mèsw thc upersummetrik c kbantomhqanik c [67, 4].

Xekin¸ntac me mia sÔntomh eisagwg  sth melèth twn C. Quesne kai V. Tkachuk, pa-
rousi�zetai ekten¸c h genÐkeus  thc se kampulìgramma sust mata suntetagmènwn kai h
efarmog  thc sth kataskeu  Qamiltonian c tou protÔpou Bohr ¸ste h par�metroc m�zac
na exart�tai apì thn axonik  paramìrfwsh. AkoloujeÐ mia periektik  anafor� sth mèjodo
thc algebrik c epilusimìthtac twn Bagchi, Banerjee, Quesne kai Tkachuk [3], h opoÐa gia
sugkekrimènec kl�sseic dunamik¸n par�gei akribeÐc lÔseic gia tic Qamiltonianèc ìpou h m�za
exart�tai apì th jèsh. Parousi�zontai ekten¸c, me efarmog  aut c thc mejìdou, oi lÔseic
thc nèac Qamiltonian c (f�sma kai idiosunart seic) gia ta dunamik� Davidson kai Kratzer.

3.1 H melèth twn C. Quesne kai V. Tkachuk

Oi C. Quesne kai V. Tkachuk se mia seir� apì dhmosieÔseic [64, 2] xekÐnhsan na meletoÔn
thn akrib  epilusimìthta susthm�twn me genikeumènec sqèseic aprosdioristÐac. Arqik� tè-
toiec sqèseic proèkuyan sth fusik  uyhl¸n energei¸n, me thn eisagwg  enìc jemeli¸douc
  el�qistou m kouc (minimal length)[65] sth dr�sh kai ta oloklhr¸mata troqi¸n antÐ thc
stajer�c tou Planck. Argìtera o A. Kempf [66] prìteine ìti diorj¸seic stic kanonikèc

35
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sqèseic aprosdioristÐac, san mia ”qal�rwsh” tou ~, ja mporoÔsan na perigr�youn sust -
mata me mh shmeiakèc diegèrseic se qamhlèc enèrgeiec, ìpwc sullogikèc diegèrseic stere¸n,
hmÐ-swmatÐdia (quasi-particles)   kai sÔnjeta swmatÐdia ìpwc ta noukleìnia stouc pur nec.
Sthn [64] oi Quesne kai Tkachuk, ephreasmènoi apì th doulei� tou Kempf, xekÐnhsan na
meletoÔn thn exÐswsh Schrodinger armonik¸n talantwt¸n me genikeumènec sqèseic met�je-
shc. H akrib c epilusimìtht� thc epiteÔqjhke mèsw thc upersummetrik c kbantomhqanik c
[4, 67], thn opoÐa ef�rmosan me trìpo pou èmoiaze sth palaiìterh mèjodo thc paragontopoÐ-
hshc (Factorization method), gnwst  apì tic arqèc tou 50, me tic douleièc twn Schrodinger
[68] kai Infeld kai Hull [69].

Apì th melèth twn Quesne kai Tkachuk, ja perioristoÔme stic genikeumènec sqèseic
met�jeshc pou èqoun th morf 

[xi, pj] = i~f(a;x)δij, (3.1)

ìpou a mia par�metroc. Sthn [2] èdeixan ìti h antapokrinìmenh Qamiltonian  se tètoiou tÔpou
sqèseic met�jeshc perigr�fei sust mata me m�za exarthmènh apì th jèsh   kai sust mata
ta opoÐa brÐskontai se kampÔlo q¸ro. MazÐ me touc Bagchi kai Banerjee [3] anèptuxan
kainoÔria susthmatik  majhmatik  mèjodo, gia thn akrib  epilusimìthta susthm�twn me m�-
za exarthmènh apì th jèsh, gia sugkekrimènec kl�sseic dunamik¸n. ProtoÔ parousiasteÐ
periektik� pwc epitugq�nontai oi lÔseic gia ta dunamik� tou isotropikoÔ talantwt  kai thc
kÐnhshc Kepler, ja deiqjeÐ p¸c oi genikeumènec sqèseic met�jeseic dhmiourgoÔn mh sqeti-
kistik  exÐswsh Schrodinger Ðdiac morf c me ekeÐnh pou dhmiourgeÐ to prìblhma me m�za
exarthmènh apì th jèsh.

3.1.1 ExÐswsh Schrodinger me m�za exarthmènh apì th jèsh

Sth melèth twn Quesne kai Tkachuk h morf  thc exÐswshc Schrodinger me genikeumènec
sqèseic met�jeshc kai h morf  thc antÐstoiqhc exÐswshc me m�za exarthmènh apì th jèsh
paramènei analloÐwth. H diat rhsh thc morf c epafÐetai sth parousÐa tou Ðdiou, plhn ìmwc
genikeumènou, telest  thc orm c sto kinhtikì ìro. Parat rhsan ìti oi sqèseic met�jeshc
(3.1), mporoÔn na anaqjoÔn stic kanonikèc, [xi, pj] = i~δij, an jewrhjeÐ o genikeumènoc
telest c

pi → πi =
√
fpi
√
f. (3.2)

Tìte h genikeumènh sqèsh met�jeshc

[xi, πj] = i~f(a;x)δij, (3.3)

mèsw thc (3.2) dÐnei th kanonik  [xi, pj] = i~δij. ExÐswsh Schrodinger me th parousÐa tou
telest 

√
f∇
√
f antanakl� genikeumènec sqèseic met�jeseic jèshc -orm c kai èqei th morf 

[2] [
−1

2

(√
f∇
√
f
)2

+ v(x)

]
ψ(x) = εψ(x), (3.4)

ìpou anhgmènec enèrgeiec ε = m0E/~2 kai anhgmèna dunamik� v = m0V/~2 èqoun qrhsimo-
poihjeÐ. Sthn Ðdia dhmosÐeush [2] oi Quesne kai Tkachuk èdeixan ìti tètoioi genikeumènoi
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telestèc thc orm c ,
√
fp
√
f , emfanÐzontai se probl mata me m�za exarthmènh apì th jèsh.

Autì to pètuqan mèsw thc anafor�c touc sth Qamiltonian  tou Von Roos [63], h opoÐa
prot�jhke gia th perigraf  twn hlektronÐwn sth stere� kat�stash. O Von Roos prìteine
th qamiltonian  [63]

H = −~2

4
[mδ′(x)∇mκ′(x)∇mλ′(x) +mλ′(x)∇mκ′(x)∇mδ′(x)] + V (x), (3.5)

ìpou V to dunamikì kai oi par�metroi δ′, κ′, λ′ periorÐzontai apì th sunj kh δ′ + κ′ + λ′ =
−1. 'Edeixe ìti apoteleÐ th pio genik  morf  ermitianoÔ telest  gia probl mata me m�za
exarthmènh apì th jèsh. Oi Quesne kai Tkachuk [2] upèjesan sun�rthsh m�zac thc morf c

m =
m0

f 2(x)
, (3.6)

opìte h (3.5) gÐnetai

H = − ~2

4m0

[f δ(x)∇fκ(x)∇fλ(x) + fλ(x)∇fκ(x)∇f δ(x)] + V (x), (3.7)

me δ + κ + λ = 2. 'Opwc deÐqnetai sto Par�rthma Aþ, h (3.7) met� apì arket  �lgebra
katal gei sthn

H = − ~2

2m0

√
f(x)∇f(x)∇

√
f(x) + Veff(x), (3.8)

ìpou emfanÐzetai o genikeumènoc telest c thc orm c
√
f∇
√
f sto kinhtikì ìro, en¸ orÐzetai

to energì dunamikì

Veff(x) = V (x)+
~2

2m0

[
1

2
(1− δ − λ)f(x)

[
∇2f(x)

]
+

(
1

2
− δ
)(

1

2
− λ
)

(∇f(x))2

]
. (3.9)

H antapokrinìmenh exÐswsh Schrodinger gÐnetai[
−1

2

(√
f∇
√
f
)2

+ veff(x)

]
ψ(x) = εψ(x), (3.10)

ìpou anhgmènec enèrgeiec ε = m0E/~2 kai anhgmèna dunamik� veff = m0Veff/~2 èqoun qrh-
simopoihjeÐ. H analloi¸thta thc morf c thc exÐswshc (3.4) me thn antÐstoiqh thc (3.10)
sthrÐzetai sto analloÐwto thc morf c tou dunamikoÔ veff(x) wc proc to v(x). Oi par�metroi
κ, δ, λ den ephre�zoun th sunarthsiak  sqèsh tou V (x), en¸ antÐjeta h sun�rthsh f(a;x)
mporeÐ na thn ephre�sei, ìpwc faÐnetai apì thn (3.9).

Sthn [3], efarmìzontac teqnikèc thc upersummetrik c kbantomhqanik c, oi sunart seic
f(a;x) kajorÐzontai gia sugkekrimènec kl�sseic uperdunamik¸n (ja èxhghjoÔn parak�tw),
me thn aujairesÐa twn paramètrwn κ, δ, λ. Krit rio gia th kataskeu  touc apoteleÐ h epè-
ktash thc sunj khc oloklhrwsimìthtac thc upersummetrik c kbantomhqanik c [4] pou den
eÐnai �llh apì to analloÐwto sq matoc tou dunamikoÔ (Shape Invariance). O isotropikìc
talantwt c kai to dunamikì Coulomb èqoun antÐstoiqec sunart seic [3] f(a;x) = 1 + ax2

kai f(a;x) = 1 + ax.
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H morf  tou energoÔ dunamikoÔ (3.9) bgaÐnei apì thn �lgebra se kartesianèc suntetag-
mènec. Sth sunèqeia ja deÐxoume pwc o kinhtikìc ìroc kai h morf  tou energoÔ dunamikoÔ gia
m�za exarthmènh apì th jèsh genikeÔontai se kampulìgrammec, gia thn akrÐbeia sfairikèc
suntetagmènec, pou tètoiec eÐnai kai ekeÐnec tou eswterikoÔ sust matoc sto prìtupo Bohr.

3.2 M�za exarthmènh apì th jèsh se sfairikèc
suntetagmènec

Se kampulìgrammec suntetagmènec, qreiazìmaste th laplasian 

∇2 =
∑
i,j

1
√
g
∂i
√
ggij∂j. (3.11)

Sthn [40] h qamiltonian  tou Bohr tropopoieÐtai me ex�rthsh thc m�zac apì th tetrapolik 
paramìrfwsh (jèsh sto prìtupo Bohr) efarmìzontac apeujeÐac tic sqèseic gia to energì
dunamikì (3.9) me th parap�nw laplasian . Wstìso ed¸ ja parousiasteÐ mia pio genik 
apìdeixh, pou ja faneÐ qr simh sto teleutaÐo kef�laio. Akolouj¸ntac touc Quesne kai
Tkachuk, jewroÔme th Qamiltonian 

H = −~2

4

[
mδ′

√
g

∑
i,j

∂i
√
g mκ′ gij∂jm

λ′ +
mλ′

√
g

∑
i,j

∂i
√
g mκ′ gij∂jm

δ′

]
+ U, (3.12)

me δ′ + κ′ + λ′ = −1. Mèsw thc (3.6)

H = − ~2

4m0

[
f δ
√
g

∑
i,j

∂i
√
g fκ gij∂jf

λ +
fλ
√
g

∑
i,j

∂i
√
g fκ gij∂jf

δ

]
+ U, (3.13)

me δ + κ + λ = 2. Ja perioristoÔme stic sfairikèc suntetagmènec gia q¸ro n diast�sewn,
me aktinik  suntetagmènh β, ìpou to β-mèroc thc

√
g eÐnai to βn−1. H gewmetrÐa tou n-

di�statou q¸rou Rn ekfr�zetai wc to tanustikì ginìmeno thc aktinik c gramm c R+, pou
anaparist� thn olìthta twn tim¸n tou β, kai thc sfaÐrac Sn−1, pou anaparist� thn olìthta
twn tim¸n twn n− 1 gwni¸n, dhlad  Rn ∼ R+ × Sn−1. An h sun�rthsh f exart�tai mon�qa
apì thn aktinik  suntetagmènh, f = f(β), h (3.13) dÐnei

H = − ~2

4m0

[
f δ

βn−1
∂ββ

n−1 fκ∂βf
λ +

fλ

βn−1
∂ββ

n−1 fκ ∂βf
δ +

2f 2

√
g

∑
i,j

∂i
√
ggij∂j

]
+ U,

(3.14)
t¸ra me i, j 6= β. 'Opwc faÐnetai sto Par�rthma Aþ, h sqèsh aut  katal gei

H = − ~2

2m0

[ √
f

βn−1
∂ββ

n−1f∂β
√
f +

f 2

√
g

∑
i,j

∂i
√
ggij∂j

]
+ Ueff , (3.15)
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ìpou orÐzetai to energì dunamikì

Ueff = U +
~2

m0

[
1

4
(1− λ− δ)

(
f∂β[(∂βf)] +

n− 1

β
f(∂βf)

)
+

1

2
(
1

2
− δ)(1

2
− λ)(∂βf)(∂βf)

]
. (3.16)

H exÐswsh Schrodinger orÐzei anhgmènec enèrgeiec ε = m0E
~2 kai energì dunamikì υeff = m0U

~2 .
Me (∂βf) ≡ f ′,

υeff = υ +
1

4
(1− λ− δ)

(
ff ′′ +

n− 1

β
ff ′
)

+
1

2
(
1

2
− δ)(1

2
− λ)(f ′)2. (3.17)

O gwniakìc ìroc thc (3.15), f2
√
g

∑
i,j ∂i
√
ggij∂j, mporeÐ na grafeÐ se morf  pou perièqei to

telest  Casimir thc om�dac summetrÐac SO(n). Akìma kai sth perÐptwsh pou h sfaÐra Sn−1

den eÐnai kal� orismènh, ìpwc sth perÐptwsh tou protÔpou Bohr gia th perigraf  axonik�
summetrik¸n   triaxonik¸n pur nwn, h Qamiltonian  (3.15) diathreÐ th morf  thc ìpwc ja
deiqjeÐ parak�tw.

3.3 Qamiltonian  Bohr me m�za exarthmènh apì th
paramìrfwsh

H arqik  Qamiltonian  tou Bohr [1] eÐnai

HB = − ~2

2B

[
1

β4

∂

∂β
β4 ∂

∂β
+

1

β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
− 1

4β2

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
)]+ V (β, γ).

(3.18)
Jewr¸ntac stajer  par�metro B0 wc proc tic suntetagmènec (β,Ω4), orÐzetai h exarthmènh
m�za apì th paramìrfwsh

B(β) =
B0

(f(β))2
. (3.19)

Efarmìzontai ta apotelèsmata tou edafÐou 3.2 gia th Qamiltonian  (3.15) kai to energì
dunamikì (3.16) sthn n = 5 gewmetrÐa tou Bohr. Tìte genn�tai h Qamiltonian  Bohr me
m�za exarthmènh apì th paramìrfwsh, h opoÐa diab�zetai

H = − ~2

2B0

[

√
f

β4

∂

∂β
β4f

∂

∂β

√
f +

f 2

β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
− f 2

4β2

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
)]

+ Veff(β, γ), (3.20)

me

Veff(β, γ) = V (β, γ) +
~2

B0

[
1

4
(1− λ− δ)

(
ff ′′ +

4

β
ff ′
)

+
1

2
(
1

2
− δ)(1

2
− λ)(f ′)2

]
.

(3.21)
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O aktinikìc ìroc Tβ all�zei drastik�. AntÐjeta gwniakìc Tγ + Trot diathreÐ th morf  tou
me to pollaplasiastikì par�gonta f 2. H exÐswsh Schrodinger gia th Qamiltonian  Bohr me
m�za exarthmènh apì th paramìrfwsh gr�fetai pio apl�

HΨ =

[
−1

2

√
f

β4

∂

∂β
β4f

∂

∂β

√
f +

f 2

2β2
Λ2 + veff

]
Ψ = εΨ, (3.22)

me

veff = v(β, γ) +
1

4
(1− λ− δ)

(
ff ′′ +

4

β
ff ′
)

+
1

2
(
1

2
− δ)(1

2
− λ)(f ′)2, (3.23)

ìpou anhgmènec enèrgeiec ε = B0E/~2 kai anhgmèna dunamik� veff = B0Veff/~2 èqoun qrh-
simopoihjeÐ. OmoÐwc me to kef�laio 2, h morf  aut c thc exÐswshc den all�zei kat� to
qwrismì twn metablht¸n ìpou o Casimir thc SO(5) Λ2 antikajÐstatai apì to sÔmbolo Λ me
th sÔmbash ìti

i) gia astajeÐc wc proc γ pur nec ja dÐnetai apì to Λ = τ(τ + 3),
ii) gia axonik� summetrikoÔc epim keic pur nec ja prèpei na antikatastajeÐ apì to

Λ̃ =
L(L+ 1)−K2

3
+ (6c)(nγ + 1),

iii) gia triaxonikoÔc pur nec ja prèpei na antikatastajeÐ apì to

Λ̄ =
L(L+ 4) + 3nw(2L− nw)

4
+
√

2c

(
nγ +

1

2

)
.

'Ara sth Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh oi gwniakèc exis¸seic
kai kumatosunart seic eÐnai akrib¸c Ðdiec me ekeÐnec tou kefalaÐou 2. Mon�qa h aktinik 
exÐswsh all�zei morf , gia thn epÐlush thc opoÐac ja efarmosteÐ pist� kai sqedìn kat�
gr�mma h mèjodoc pou perigr�fetai sthn [3] gia ta dunamik� Davidson kai Kratzer pou
apoteloÔn eidikèc peript¸seic tou isotropikoÔ talantwt  kai thc kÐnhshc Kepler antÐstoiqa.

3.3.1 Aktinik  exÐswsh

H aktinik  exÐswsh t¸ra gÐnetai[
−1

2

√
f

β4

∂

∂β
β4f

∂

∂β

√
f +

f 2

2β2
Λ + veff

]
ξ(β) = εξ(β). (3.24)

Ektel¸ntac tic paragwgÐseic dÐnei

1

2
f 2ξ′′ +

(
ff ′ +

2f 2

β

)
ξ′ +

(
(f ′)2

8
+
ff ′′

4
+
ff ′

β

)
ξ − f 2

2β2
Λξ + εξ − veffξ = 0, (3.25)

Jètontac

ξ(β) =
R(β)

β2
, (3.26)
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h (3.25) tÐjetai sth morf 

HR = −
(√

f
d

dβ

√
f

)2

R + 2ueffR = 2εR, (3.27)

me

ueff = veff +
f 2 + βff ′

β2
+

f 2

2β2
Λ. (3.28)

H (3.27) èqei th morf  thc exÐswshc (3.10) tou edafÐou 3.1.1 h opoÐa dèqetai lÔseic me thn e-
farmog  thc algebrik c mejìdou pou anèptuxan oi Bagchi, Banerjee, Quesne kai Tkachuk [3]
mèsw thc upersummetrik c kbantomhqanik c [4, 67]. Gia lìgouc plhrìthtac ja parousiasteÐ
polÔ perilhptik� h mèjodoc thc [3] protoÔ efarmosteÐ sthn aktinik  exÐswsh Schrodinger
(3.27) gia th Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh.

3.4 Algebrik  epilusimìthta

Dekapènte perÐpou qrìnia met� th prìtash thc exÐsws c tou, o E. Schrodinger prìteine [68]
thn algebrik  epilusimìtht� thc mèsw apl c paragontopoÐhshc me genikeumènouc telestèc
dhmiourgÐac kai katastrof c, ìqi mìno gia to monodi�stato armonikì talantwt  all� kai
gia ton isotropikì kaj¸c kai th kÐnhsh Kepler. Oi Infeld kai Hull [69] susthmatopoÐhsan
kai genÐkeusan th mèjodo paragontopoÐhshc gia akìmh perissìtera fusik� probl mata. H
upersummetrik  kbantomhqanik  xekÐnhse me tic douleièc tou E.Witten [70] ìtan diereunoÔse
realistik� montèla gia to sp�simo thc upersummetrÐac. Met� th prìtash tou Gendenshtein
[71] ìti h efarmog  twn mejìdwn thc upersummetrÐac sthn exÐswsh Schrodinger mporeÐ na
prosfèrei mia sunj kh oloklhrwsimìthtac gia th mh-sqetikistik  kbantomhqanik , all� kai
thc doulei�c tou Sukumar [72] gia thn ierarqÐa twn Qamiltonian¸n, to pedÐo thc upersum-
metrik c kbantomhqanik c sqedìn autonom jhke apì thn upersummetrÐa me th susthmatik 
efarmog  thc sthn akrib  epilusimìthta thc exÐswshc Schrodinger. H efarmog  aut  susth-
matopoi jhke stic douleièc twn F. Cooper, A. Khare kai U. Sukhatme [4, 67] pou faÐnetai
polÔ apl� ìti h upersummetrik  kbantomhqanik  proteÐnei th paragontopoÐhsh thc exÐswshc
Schrodinger me touc genikeumènouc telestèc

A± = ∓ d

dx
+W (x), (3.29)

ìpou o telest c thc jèshc antikajÐstatai apì to uperdunamikìW (x). Ta digrammik� ginìme-
na A+A− kai A−A+ dhmiourgoÔn dÔo qamiltonianèc H1,2, touc legìmenouc upersummetrikoÔc
suntrìfouc

H1,2 = −1

2

d2

dx2
+ V1,2(x), (3.30)

me
V1(x) = W 2(x)−W ′(x), V2(x) = W 2(x) +W ′(x). (3.31)

Oi idiokatast�seic thcH2, me enèrgeiec E
(2)
n1 , eÐnai pl rwc ekfulismènec me tic antÐstoiqec thc

H1, plhn thc basik c kat�stashc thc teleutaÐac. 'Opwc faÐnetai sto sq ma 3.1, katastrof 
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E0
H1L

E1
H1L

E2
H1L

E3
H1L

E4
H1L

E5
H1L

E6
H1L

E0
H2L

E1
H2L

E2
H2L

E3
H2L

E4
H2L

E5
H2L

A

A+

Sq ma 3.1: Oi upersummetrikoÐ sÔntrofoi.

kat�stashc thc H1 mèsw tou A− , me enèrgeia E(1)
n , dhmiourgeÐ kat�stash thc H2 me thn Ðdia

enèrgeia. Oi katast�seic thc H2 èqoun enèrgeiec E
(2)
n1 = E

(1)
n+1. H dr�sh tou A− sth basik 

kat�stash thc H1 de par�gei k�poia kat�stash thc H2, dÐnei tÐpota kai apoteleÐ th basik 
apaÐthsh thc upersummetrÐac ìti h idiotim  thc enèrgeiac thc basik c kat�stashc eÐnai mhdèn.
Oi diegermènec katast�seic thc H1 dhmiourgoÔntai apì th dr�sh twn A+ se ekeÐnec thc H2.

Apì thn �llh, ìpwc èdeixe o Gendenshtein [71], dedomènhc thc gn¸shc twn uperduna-
mik¸n, mporeÐ na sthjeÐ jewrÐa pl rouc algebrik c epilusimìthtac gia thn exÐswsh tou
Schrodinger. Gia touc upersummetrikoÔc suntrìfouc, prìteine th sunj kh analloÐwtou
sq matoc (Shape Invariance)

V2(α1;x) = V1(α2;x) +R(α1), (3.32)

ìpou α1, α2 eÐnai sÔnola paramètrwn anex�rthta tou x, me thn α2 na eÐnai sun�rthsh tou α1

kai to upìloipo R(α1) na eÐnai epÐshc anex�rthto tou x. Me �lla lìgia ta dÔo dunamik� èqoun
thn Ðdia sunarthsiak  ex�rthsh sto x, me th diafor� touc na entopÐzetai stic paramètrouc
tou kajenìc, kai sth sqetik  touc metatìpish apì to upìloipo R(α1). Epiprosjètwc, eÐnai
gnwstì ìti h sunj kh tou analloÐwtou sq matoc mporeÐ na grafeÐ mèsw twn A± [73]

A−(α1)A+(α1) = A+(α2)A−(α2) +R(α1). (3.33)

Oi par�metroi αi eis�gontai sto uperdunamikì W (αi;x) ¸ste

A±(αi) = ∓ d

dx
+W (αi;x). (3.34)

H proc epÐlush Qamiltonian  H ≡ H1 ≡ H(α0), jewreÐtai wc to pr¸to mèloc miac ierarqÐac
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Qamiltonian¸n

H(αi) = A+(αi)A
−(αi) +

i∑
j=0

εj, i = 0, 1, 2, . . . , (3.35)

me to analloÐwto sq matoc

A−(αi)A
+(αi) = A+(αi+1)A−(αi+1) + εi+1, i = 0, 1, 2, . . . , (3.36)

to opoÐo katal gei sth sunj kh

W 2(αi;x) +W ′(αi;x) = W 2(αi+1;x)−W ′(αi+1;x) + εi+1, i = 0, 1, 2, . . . . (3.37)

H anadromik  sqèsh metaxÔ twn αi eÐnai qarakthristik  tou dunamikoÔ V (αi;x). Gia thn
akrÐbeia, aut  eÐnai h qrhsimìthta tou analloÐwtou sq matoc, ìti èna dunamikì mporeÐ na
d¸sei akribeÐc lÔseic sthn exÐswsh Schrodinger an kai mìnon an oi par�metroÐ tou ikano-
poioÔn sugkekrimènh anadromik  sqèsh. Oi F. Cooper, A. Khare kai U. Sukhatme [4, 67]
diapÐstwsan ìti h sqèsh metatìpishc metaxÔ twn αi, tÔpou αi+1 = αi+p, p ∈ N , antapokrÐne-
tai se mia plhj¸ra akrib¸c epilÔsimwn dunamik¸n metaxÔ twn opoÐwn ekeÐna tou isotropikoÔ
talantwt  kai thc kÐnhshc Kepler. Gia aut� ta dunamik� kataskeu�zoun ta uperdunamik�
W (αi;x), to f�sma kai tic idiosunart seic touc.

Apì thn �llh, dedomènhc thc sunarthsiak c morf c twn uperdunamik¸n apì th parap�nw
melèth, h opoÐa sumbaÐnei apousÐa thc f(a;x), oi Bagchi, Banerjee, Quesne kai Tkachuk [3]
kataskeu�zoun tic sunart seic f(a;x) epekteÐnontac th sunj kh analloÐwtou sq matoc gia
touc genikeumènouc telestèc ierarqÐac

A±(µi, νi) = ∓
√
f
d

dx

√
f +W (µi, νi;x), (3.38)

ìpou ed¸ to sÔnolo αi eÐnai oi par�metroi µi kai νi. EÔkola blèpei kaneÐc ìti paragonto-
poioÔn exÐswsh Schrodinger me to genikeumèno telest  orm c

√
f d
dx

√
f sto kinhtikì ìro.

To analloÐwto sq matoc gr�fetai

A−(µi, νi)A
+(µi, νi) = A−(µi+1, νi+1)A+(µi+1, νi+1) + εi+1, (3.39)

kai katal gei sth sunj kh

W 2(µi, νi;x) + f(a;x)W ′(µi, νi;x) = W 2(µi+1, νi+1;x)−f(a;x)W ′(µi+1, νi+1;x)+

εi+1, i = 0, 1, 2, . . . , (3.40)

ìpou µ0 = µ, ν0 = ν. Epeid  A−ψ0(x) = 0, to uperdunamikì W (µ, ν;x) kai h sun�rthsh
f(a;x) ikanopoioÔn epÐshc th sunj kh

W 2(µ, ν;x)− f(a;x)W ′(µ, ν;x) + ε0 = veff(x), (3.41)

ìpou veff(x) to anhgmèno energì dunamikì thc exÐswshc (3.9). Oi sunart seic f(a;x) kata-
skeu�zontai b�sei twn dÔo teleutaÐwn exis¸sewn, wc ekeÐnec pou ikanopoioÔn to analloÐwto
sq matoc. H apaÐthsh aut  antanakl� thn �llh ìti h ex�rthsh thc m�zac apì th jèsh sto
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kinhtikì ìro, ja prèpei na epidr� sto dunamikì prokal¸ntac mon�qa mia allag  stic para-
mètrouc tou kai kamÐa �llh sth sunarthsiak  morf    to sq ma tou. Eujèwc lamb�noume ta
apotelèsmat� twn Bagchi, Banerjee, Quesne kai Tkachuk [3] gia ton isotropikì talantwt 

V (β) = β2 +
Λ

β2
: W (µ, ν; β) =

µ

β
+ νβ, f(a; β) = 1 + aβ2, (3.42)

kai to dunamikì Coulomb

V (β) = − 1

β2
+

Λ

β2
: W (µ, ν; β) =

µ

β
+ ν, f(a; β) = 1 + aβ. (3.43)

GÐnetai plèon fanerì ìti h a parametropoieÐ thn ex�rthsh thc m�zac apì th jèsh. Gia a = 0
oi sunart seic f(a; β) apousi�zoun kai h m�za eÐnai anex�rthth apì th jèsh ìpwc sth sun jh
kbantomhqanik . Oi Bagchi, Banerjee, Quesne kai Tkachuk [3] taxinomoÔn ta uperdunamik�
kai tic sunart seic f(a; β) se kl�sseic uperdunamik¸n. Gia par�deigma to uperdunamikì kai
h f tou dunamikoÔ Coulomb an koun sth pr¸th kl�ssh, en¸ oi antÐstoiqec tou isotropikoÔ
talantwt  an koun sth deÔterh kl�ssh. K�je kl�ssh par�gei qarakthristikèc lÔseic,
dhlad  f�sma kai idiosunart seic.

Gia th Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh, h aktinik  exÐswsh

HR = −
(√

f
d

dβ

√
f

)2

R + 2ueffR = 2εR, (3.44)

me

ueff = veff +
f 2 + βff ′

β2
+

f 2

2β2
Λ, (3.45)

mporeÐ na epilujeÐ algebrik� èqontac apì th parap�nw melèth ta uperdunamik� W (µ, ν; β)
kai tic sunart seic f(a; β) gia to dunamikì v(β). Ja efarmosteÐ h mèjodoc pou anaptÔqjh-
ke amèswc prin sth parap�nw exÐswsh gia ta dunamik� Davidson kai Kratzer. Se autì to
kef�laio ja parousiasteÐ analutik� h �lgebra twn upologism¸n gia to f�sma kai tic idio-
sunart seic. H fusik  kai h sÔgkrish me to peÐrama ja eÐnai to antikeÐmenou tou epìmenou
kefalaÐou.

3.5 LÔseic sto dunamikì Davidson

Sth perÐptwsh aut  to v(β) = β2 +
β4

0

β2 . To energì dunamikì pou emfanÐzetai sthn exÐswsh
(3.44), 2ueff , lamb�nei th morf 

2ueff = 2β2+2
β4

0

β2
+

1

2
(1−λ−δ)

(
ff ′′ +

4

β
ff ′
)

+ (
1

2
−δ)(1

2
−λ)(f ′)2+2

f 2 + βff ′

β2
+
f 2

β2
Λ.

(3.46)
To uperdunamikì W (µ, ν; β) kai h sun�rthsh f(a; β) gia to dunamikì Davidson eÐnai ta Ðdia
ìpwc sth perÐptwsh tou isotropikoÔ talantwt 

W (µ, ν;x) =
µ

β
+ νβ, f(a; β) = 1 + aβ2. (3.47)
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Gi' aut  th sun�rthsh f(a; β) to ueff diathreÐ analloÐwth th morf  tou 5-di�statou armonikoÔ
talantwt  me

2ueff = k1β
2 + k0 +

k−1

β2
. (3.48)

AntistoiqÐa me thn Ex. (3.46) kai ìti f(a; β) = 1 + aβ2 epib�llei

k1 = 2 + a2[5(1− δ − λ) + (1− 2δ)(1− 2λ) + 6 + Λ],

k0 = a[5(1− δ − λ) + 8 + 2Λ],

k−1 = 2 + Λ + 2β4
0 .

(3.49)

3.5.1 To f�sma

T¸ra h aktinik  exÐswsh

HR = −
(√

f
d

dβ

√
f

)2

R + 2ueffR = 2εR, (3.50)

mporeÐ na lujeÐ algebrik� mèsw twn upersummetrik¸n telest¸n

A±i = A±(µi, νi) = ∓
√
f
d

dx

√
f +W (µi, νi;x), (3.51)

upojètontac ìti eÐnai to pr¸to mèloc H0 = H miac ierarqÐac Qamiltonian¸n

Hi = A+
i A
−
i +

i∑
j=0

εj, i = 0, 1, 2, . . . . (3.52)

H antistoiqÐa tou A+(µ, ν)A−(µ, ν) me thn H dÐnei th sunj kh

W 2(µ, ν; β)− f(β)W ′(µ, ν; β) + ε0 = 2ueff(β). (3.53)

'Ara (
µ

β
+ νβ

)2

− (1 + aβ2)

(
− µ

β2
+ ν

)
+ ε0 = k1β

2 + k0 +
k−1

β2
, (3.54)

pou eÐnai isodÔnamec me

µ(µ+ 1) = k−1, ν(ν − a) = k1, 2µν + µa− ν + ε0 = k0. (3.55)

Oi lÔseic touc eÐnai

µ =
1

2
(−1±∆1), ν =

a

2
(1±∆2),

ε0 = k0 − 2µν − µa+ ν,

∆1 ≡
√

1 + 4k−1, ∆2 ≡
√

1 + 4
k1

a2
, (3.56)
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me th proupìjesh ìti 1 + 4k1/a
2 ≥ 0 ( 1 + 4k−1 eÐnai p�nta jetikì). 'Opwc ja deÐxoume

parak�tw oi sunj kec pou epibebai¸noun ìti h kumatosun�rthsh thc basik c kat�stashc
eÐnai fusik� apodekt  epilègoun to k�tw prìshmo gia to µ kai to p�nw gia to ν:

µ = −1

2
(1 + ∆1), ν =

a

2
(1 + ∆2). (3.57)

Aut� eÐnai arket� gia thn enèrgeia thc basik c kat�stashc ε0. Oi enèrgeiec twn diegermènwn
katast�sewn brÐskontai apì th sunj kh

W 2(µi, νi; β) + f(β)W ′(µi, νi; β) = W 2(µi+1, νi+1; β)− f(β)W ′(µi+1, νi+1; β) + εi+1, (3.58)

ìpou µ0 = µ, ν0 = ν. Me �lla lìgia(
µi
β

+ νiβ

)2

+(1+aβ2)

(
−µi
β2

+ νi

)
=

(
µi+1

β
+ νi+1β

)2

−(1+aβ2)

(
−µi+1

β2
+ νi+1

)
+εi+1,

(3.59)
pou odhgeÐ se treic sunj kec

µi(µi − 1) = µi+1(µi+1 + 1),

νi(νi + a) = νi+1(νi+1 − a),

2µiνi − µia+ νi = 2µi+1νi+1 + µi+1a− νi+1 + εi+1.

(3.60)

Oi lÔseic touc eÐnai
µi+1 = µi − 1, νi+1 = νi + a, (3.61)

kai
εi+1 = 2(µiνi − µi+1νi+1)− (µi + µi+1)a+ νi + νi+1. (3.62)

Up�rqoun kai �llec lÔseic gia ta µi+1 kai νi+1, dhlad  µi+1 = −µi kai νi+1 = −νi, all� ta
enalassìmena prìshma de ja  tan sumbat� me tic fusik� apodektèc lÔseic gia tic diegermènec
katast�seic. Telik�, h epanalhyimìthta (iteration) thc (3.61) odhgeÐ sth

µi = µ− i, νi = ν + ia. (3.63)

To energeiakì f�sma thc aktinik c exÐswshc dÐnetai tìte apì

εn = 1
2

n∑
i=0

εi = 1
2

[
k0 − 2µnνn − a

(
2
n−1∑
i=0

µi + µn

)
+ 2

n−1∑
i=0

νi + νn

]
, (3.64)

pou dÐnei
εn = 1

2
[k0 − 2µν − aµ+ ν − 4(aµ− ν)n+ 4an2]. (3.65)

Lamb�nontac upìyin th (3.56), èqoume

εn = 1
2
[k0+ 1

2
a(3+2∆1+2∆2+∆1∆2)+2a(2+∆1+∆2)n+4an2], n = 0, 1, 2, . . . . (3.66)

H exÐswsh (3.66) prosfèrei mon�qa mia formalistik  lÔsh sto energeiakì f�sma twn dè-
smiwn katast�sewn. To eÔroc twn tim¸n n kajorÐzetai apì thn Ôparxh fusik� apodekt¸n
kumatosunart sewn.
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3.5.2 Oi Kumatosunart seic

Prokeimènou na gÐnoun fusik� apodektèc, oi dèsmiec kumatosunart seic ja prèpei na ikano-
poioÔn dÔo sunj kec [3]:
(i) 'Opwc kai sth perÐptwsh thc sun jouc (stajer c m�zac) kbantomhqanik c, ja prèpei na
eÐnai tetragwnik� oloklhr¸simec sto pedÐo orismoÔ tou ueff∫ ∞

0

dβ |Rn(β)|2 <∞. (3.67)

(ii) Epiprosjètwc, ja prèpei na exasfalÐzoun thn ermitianìthta tou H. Gi' autì to skopì
eÐnai arketì na upojèsoume ìti o telest c −i

√
f(d/dβ)

√
f eÐnai ermitianìc, to opoÐo dÐnei

touc periorismoÔc

|Rn(β)|2f(β)→ 0 για β → 0 και β →∞,
|Rn(β)|2 → 0 για β → 0 και |Rn(β)|2β2 → 0 για β →∞.

(3.68)

Epeid  oi sunj kec (3.68) eÐnai faner� pio austhrèc apì thn (3.67), ja mac apasqol soun
mon�qa oi pr¸tec.

3.5.3 H Basik  Kat�stash

H kumatosun�rthsh thc basik c kat�stashc lamb�netai apì th lÔsh thc diaforik c exÐswshc

A−(µ, ν)R0(µ, ν; β) = 0. (3.69)

Dhlad 

R0(β) = R0(µ, ν; β) =
N0√
f(β)

exp

(
−
∫ β W (µ, ν; β̃)

f(β̃)
dβ̃

)
,

ìpou N0 eÐnai k�poioc suntelest c kanonikopoÐhshc. Ed¸∫ β W (µ, ν; β̃)

f(β̃)
dβ̃ =

∫ β
(
µ

β̃
+

(ν − µa)β̃

1 + aβ̃2

)
dβ̃ = µ ln β +

1

2a
(ν − µa) ln(1 + aβ2). (3.70)

'Ara
R0(β) = N0β

−µf−(ν−µa+a)/(2a). (3.71)

Gia β → 0, h sun�rthsh |R0(β)|2 sumperifèretai wc β−2µ. H sunj kh (3.68) apaiteÐ ìti
−2µ > 0   µ < 0. AfoÔ h posìthta k−1, orizìmenh sthn exÐswsh (3.49), eÐnai megalÔterh
tou 2, èpetai ìti h ∆1, pou orÐzetai sth (3.56), eÐnai megalÔterh tou 3, �ra h epilog  tou
�nw pros mou gia to µ sth (3.56) ja odhgoÔse sto µ > 1. Epeid  autì den eÐnai apodektì,
prèpei na l�boume wc epilog  to k�tw prìshmo, µ < −2.

Gia β → ∞, h |R0(β)|2β2 sumperifèretai wc β−2ν/a. H sunj kh (3.68) apaiteÐ ν > 0.
Autìc o periorismìc ikanopoieÐtai apì thn epilog  tou �nw pros mou gia to ν sto pr¸to
mèloc thc (3.56). H epilog  tou k�tw pros mou den ikanopoieÐtai an perioristoÔme se arket�
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mikrèc timèc tou a. Tìte to k1 sthn (3.49) ja eÐnai jetikì kai h ∆2 sth (3.56) ja eÐnai
megalÔterh tou 1. Gia arket� meg�lec timèc tou a, wstìso, kai oi dÔo epilogèc tou pros mou
mporeÐ na eÐnai apodektèc. AfoÔ, metaxÔ twn dÔo apodekt¸n kumatosunart sewn, eÐnai
sÔnhjec sth kbantomhqanik  na epileqjeÐ h pio omala sumperiferìmenh (deÐte, p.q th [74]
kai tic anaforèc thc), upojètoume to �nw prìshmo gia to ν, �ra lamb�netai h exÐswsh (3.57).

3.5.4 Diegermènec Katast�seic

H kumatosun�rthsh thc n-ost c diegermènhc kat�stashc brÐsketai apì th dr�sh twn uper-
summetrik¸n telest¸n dhmiourgÐac sth basik  kat�stash tou n-ostoÔ mèlouc thc ierarqÐac.
Gia par�deigma h pr¸th diegermènh me suntelest  kanonikopoÐhshc N1 eÐnai

R1(µ0, ν0; β) = N1A
+(µ0, ν0)R0(µ1, ν1; β), (3.72)

ìpou R0(µ1, ν1; β) h basik  kat�stash tou tou pr¸tou mèlouc thc ierarqÐac. H susthmatik 
melèth twn [3] par�gei tic lÔseic gia tic diegermènec katast�seic Rn(µ, ν; β) me polu¸numa
Pn(µ, ν; y) pou ikanopoioÔn exis¸seic qarakthristikèc thc klasshc tou uperdunamikoÔ. Sth
perÐptwsh tou uperdunamikoÔ W (µ, ν; β) = µ

β
+ νβ oi lÔseic eÐnai [3]

Rn(µ, ν; β) = Nny
−n

2Pn(µ, ν; y)R0(µn, νn; β), y = β2, (3.73)

me ta polu¸numa n-ostoÔ bajmoÔ sta y na ikanopoioÔn thn exÐswsh [3]

Pn+1(µ, ν; y) = −2y(1 + ay)
d

dy
Pn(µ1, ν1; y) + [µn+1 +µ+n+ (νn+1 + ν +na)y]Pn(µ1, ν1; y),

(3.74)
me arqik  tim  th P0(µ, ν; y) = 1. 'Ara

Rn(β) = Rn(µ, ν; β) ∝ β−nR0(µn, νn; β)Pn(µ, ν; y). (3.75)

Apì tic exis¸seic (3.63) kai (3.71), èpetai ìti h basik  kat�stash tou n ostoÔ mèlouc thc
ierarqÐac eÐnai

R0(µn, νn; β) ∝ β−µnf−(νn−µna+a)/(2a) ∝ R0(µ, ν; β)βnf−n, (3.76)

¸ste h exÐswsh (3.75) na gÐnetai

Rn(β) ∝ R0(β)f−nPn(µ, ν; y). (3.77)

GÐnetai plèon fanerì ìti h Rn(β) ikanopoieÐ tic apait seic gia thn ermitianìthta tou H gia
k�je n = 1, 2, . . . , afoÔ kai h R0(β) thn ikanopoieÐ. Apomènei plèon na lÔsoume thn
exÐswsh (3.74). Gi' autì to skopì ac k�noume thn allag  metablht¸n

t = 1− 2

f
=
−1 + ay

1 + ay
, Pn(µ, ν; y) = Cnf

nQn(µ, ν; t), (3.78)
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ìpou h Cn eÐnai k�poia stajer�. Gia ton orismì (3.78), èpetai ìti to Qn(µ, ν; t) eÐnai èna
polu¸numo n-ostoÔ bajmoÔ sta t. Diadoqik� lamb�noume

y =
1 + t

a(1− t)
, 1 + ay =

2

1− t
,

d

dy
=
a

2
(1− t)2 d

dt
. (3.79)

Eujèwc tìte h exÐswsh (3.74) gÐnetai

Cn+1

Cn
Qn+1(µ, ν; t) =

{
−(1− t2)

d

dt
+
[
µ+

ν

a
+
(ν
a
− µ+ 1

)
t
]}

Qn(µ−1, ν+a; t). (3.80)

Lamb�nontac upìyh ìti ta polu¸numa Jacobi ikanopoioÔn th sqèsh (deÐte thn èxÐswsh. (1.8.7)
thc [75])

2(n+ 1)P
(α,β)
n+1 (x) =

{
−(1− x2)

d

dx
+ [α− β + (α + β + 2)x]

}
P (α+1,β+1)
n (x), (3.81)

blèpoume ìti ta Qn(µ, ν; t) eÐnai basik� k�poia polu¸numa Jacobi

Qn(µ, ν; t) = P
( νa−

1
2
,−µ− 1

2)
n (t) = P

(∆2
2
,
∆1
2 )

n (t), (3.82)

dedomènhc thc epilog c
Cn+1

Cn
= 2(n+ 1), C0 = 1, (3.83)

  me �lla lìgia Cn = 2nn!. 'Ara sumperaÐnoume ìti oi kumatosunart seic dÐnontai apì

Rn(β) =
Nn

N0

R0(β)P
( νa−

1
2
,−µ− 1

2)
n (t) = Nnβ

−µf−(ν−µa+a)/(2a)P
( νa−

1
2
,−µ− 1

2)
n (t), (3.84)

 

Rn(β) = Nnβ
(1+∆1)/2f−1−(∆1+∆2)/4P (∆2/2,∆1/2)

n (t), t =
−1 + aβ2

1 + aβ2
, (3.85)

ìpou Nn eÐnai k�poioc suntelest c kanonikopoÐhshc.

3.5.5 Suntelest c KanonikopoÐhshc

Gia ton upologismì tou Nn, ekfr�zoume arqik� ìlh th kumatosun�rthsh se ìrouc thc t:

Rn = Nny
(1+∆1)/4(1 + ay)−1−(∆1+∆2)/4P (∆2/2,∆1/2)

n (t), (3.86)

 

Rn = Nn2−1−(∆1+∆2)/4a−(1+∆1)/4(1 + t)(1+∆1)/4(1− t)(3+∆2)/4P (∆2/2,∆1/2)
n (t). (3.87)

Lamb�nontac upìyh ìti

dβ =
dy

2
√
y

=
dt√

a(1− t)3/2(1 + t)1/2
, (3.88)
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lamb�noume∫ ∞
0

|Rn|2dβ = |Nn|22−2−(∆1+∆2)/2a−1−∆1/2

∫ +1

−1

(1− t)∆2/2(1 + t)∆1/2
[
P (∆2/2,∆1/2)
n (t)

]2
dt,

(3.89)
se ìrouc tou oloklhr¸matoc kanonikopoÐhshc twn poluwnÔmwn Jacobi [84]. 'Ara, h sunj kh
kanonikopoÐhshc eÐnai

|Nn|2
(
2−2−(∆1+∆2)/2a−1−∆1/2

) 2(∆1+∆2)/2+1Γ
(
n+ ∆1

2
+ 1
)

Γ
(
n+ ∆2

2
+ 1
)(

2n+ ∆1+∆2

2
+ 1
)
n! Γ

(
n+ ∆1+∆2

2
+ 1
) = 1, (3.90)

kai dÐnei

Nn =

(
2a∆1/2+1

(
2n+

∆1 + ∆2

2
+ 1

)
n!

)1/2
(

Γ
(
n+ ∆1+∆2

2
+ 1
)

Γ
(
n+ ∆1

2
+ 1
)

Γ
(
n+ ∆2

2
+ 1
))1/2

.

(3.91)

3.6 LÔseic sto dunamikì Kratzer

Ja jewr soume t¸ra thn eidik  perÐptwsh tou dunamikoÔ Kratzer [80]

v(β) = − 1

β
+
B̃

β2
. (3.92)

H lÔsh ja prokÔyei apì tic nèec paramètrouc (k0, k−1, k−2) kai th sqèsh touc me tic paramè-
trouc (µi, νi) tou uperdunamikoÔ. To energì dunamikì pou emfanÐzetai sthn exÐswsh (3.44)
2ueff , lamb�nei th morf 

2ueff = −2
1

β
+2

B̃

β2
+

1

2
(1−λ−δ)

(
ff ′′ +

4

β
ff ′
)

+ (
1

2
−δ)(1

2
−λ)(f ′)2+2

f 2 + βff ′

β2
+
f 2

β2
Λ.

(3.93)
To uperdunamikì W (µ, ν; β) kai h sun�rthsh f(a; β) gia to dunamikì Kratzer eÐnai ta Ðdia
ìpwc sth perÐptwsh tou dunamikoÔ Coulomb [3]

W (µ, ν; β) =
µ

β
+ ν, f(a; β) = 1 + aβ. (3.94)

Gi' aut  th sun�rthsh f(a; β), to ueff diathreÐ analloÐwth th kÐnhsh Kepler

2ueff = k0 +
k−1

β
+
k−2

β2
. (3.95)

AntistoiqÐa me thn (3.93) gia thn f(a; β) = 1 + aβ epib�llei

k0 = a2[2(3− δ − λ) + 1
4
(1− 2δ)(1− 2λ) + Λ],

k−1 = −2 + 2a[(4− δ − λ) + Λ],

k−2 = 2 + Λ + 2B̃.

(3.96)
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To uperdunamikì W (µ, ν; β) ikanopoieÐ tic dÔo sunj kec

W 2(µ, ν; β)− f(β)W ′(µ, ν; β) + ε0 = 2ueff(β), (3.97)

kai

W 2(µi, νi; β) + f(β)W ′(µi, νi; β) = W 2(µi+1, νi+1; β)−f(β)W ′(µi+1, νi+1; β)+

εi+1, i = 0, 1, 2, . . . , (3.98)

ìpou µ0 = µ, ν0 = ν. Eis�gontac tic ex. (3.94) kai (3.96) sthn (3.97), lamb�noume(
µ

β
+ ν

)2

− (1 + aβ)

(
− µ

β2

)
+ ε0 = k0 +

k−1

β
+
k−2

β2
, (3.99)

pou isodunameÐ me tic treic exis¸seic

µ(µ+ 1) = k−2, µ(2ν + a) = k−1, ν2 + ε0 = k0. (3.100)

Oi lÔseic touc eÐnai

µ =
1

2
(−1±∆), ν =

k−1 − aµ
2µ

, ε0 = k0 − ν2,

∆ ≡
√

1 + 4k−2,

(3.101)

ìpou shmei¸noume ìti to 1 + 4k−2 eÐnai p�nta jetikì. Oi fusik� apodektèc lÔseic gia th
kumatosun�rthsh thc basik c kat�stashc ja d¸soun to k�tw prìshmo gia th par�metro µ:

µ = −1

2
(1 + ∆). (3.102)

OmoÐwc, apì thn Ex. (3.98), lamb�noume(
µi
β

+ νi

)2

+ (1 + aβ)

(
−µi
β2

)
=

(
µi+1

β
+ νi+1

)2

− (1 + aβ)

(
−µi+1

β2

)
+ εi+1, (3.103)

pou odhgeÐ stic treic exis¸seic

µi(µi − 1) = µi+1(µi+1 + 1),

µi(2νi − a) = µi+1(2νi+1 + a),

ν2
i = ν2

i+1 + εi+1.

(3.104)

Oi lÔseic touc eÐnai

µi+1 = µi − 1, 2µi+1νi+1 = 2µiνi − a(µi + µi+1), εi+1 = ν2
i − ν2

i+1. (3.105)

Up�rqei fusik� �llh mia lÔsh gia to µi+1, dhlad  µi+1 = −µi, all� ta enallassìmena
prìshma den eÐnai sumbat� me tic fusik� apodektèc lÔseic gia tic kumatosunart seic twn
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diegermènwn katast�sewn. Tèloc, h epanalhyimìthta twn pr¸twn dÔo sqèsewn sthn (3.105)
odhgeÐ se

µi = µ− i, νi =
2µ(ν − ai) + ai2

2(µ− i)
. (3.106)

Gia mellontik  qr sh, axÐzei na shmeiwjeÐ ìti ta νi mporoÔn na xanagrafoÔn se ìrouc
twn µi wc

νi =
a

2

(
µi −

K̃

µi

)
, K̃ ≡ k−2 −

k−1

a
. (3.107)

Apì thn (3.106), pr�gmati èpetai ìti

νi =
a

2

(
µi −

µ
(
µ− 2ν

a

)
µi

)
, (3.108)

en¸ h exÐswsh (3.100) odhgeÐ se

k−2 −
k−1

a
= µ

(
µ− 2ν

a

)
. (3.109)

To energeiakì f�sma dÐnetai apì

εn = 1
2

n∑
i=0

εi = 1
2

(
k0 − ν2

n

)
=

1

2
[k0 − (

k−1 + a
[
n2 + 1

2
(1 + ∆)(2n+ 1)

]
2n+ 1 + ∆

)2
 ,

n = 0, 1, 2, . . . . (3.110)

3.6.1 H basik  kat�stash

H basik  kat�stash

R0(β) = R0(µ, ν; β) =
N0√
f(β)

exp

(
−
∫ β W (µ, ν; β̃)

f(β̃)
dβ̃

)
, (3.111)

me N0 to suntelest  kanonikopoÐhshc dÐnei∫ β W (µ, ν; β̃)

f(β̃)
dβ̃ =

∫ β (µ
β̃

+
ν − aµ
1 + aβ̃

)
dβ̃ = µ ln β +

1

a
(ν − aµ) ln(1 + aβ). (3.112)

'Ara

R0(β) = N0β
−µf−

ν−aµ
a
− 1

2 = N0β
−µf

1
2

(
µ+ K̃

µ
−1
)
, (3.113)

ìpou sto teleutaÐo b ma qrhsimopoi jhke h Ex. (3.107) gia i = 0. Gia β → 0, h sun�rthsh
|R0(β)|2 sumperifèretai wc β−2µ. H sunj kh (3.68) upojètei ìti µ < 0. AfoÔ h posìthta
k−2, orizìmenh sthn Ex. (3.96), eÐnai megalÔterh apì 2, èpetai ìti h ∆, orizìmenh sth (3.101),
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eÐnai megalÔterh apì 3, ¸ste to p�nw prìshmo sthn (3.101) na odhgeÐ sto µ > 1. Autì den
eÐnai apodektì opìte diathreÐtai to k�tw prìshmo, µ < −2.

Gia β →∞, h posìthta |R0(β)|2β sumperifèretai wc β−µ+ K̃
µ . H sunj kh (3.68) upojètei

ìti K̃/µ < µ  
µ2 < K̃. (3.114)

Lamb�nontac upìyh tic (3.100), (3.102) kai (3.107) o periorismìc xanagr�fetai

|µ| = 1

2
(1 + ∆) < −k−1

a
. (3.115)

Mia fusik� apodekt  kumatosun�rthsh thc basik c kat�stashc telik� up�rqei an kai mìno
an h anisìthta (3.115) ikanopoieÐtai apì tic paramètrouc tou probl matoc.

3.6.2 Diegermènec katast�seic

Gia to uperdunamikì thc pr¸thc kl�sshc [3] dÐnei tic kumatosunart seic

Rn(β) = Rn(µ, ν; β) ∝ R0(µn, νn; β)Pn(µ, ν; y), y =
1

β
, (3.116)

ìpou ta polu¸numa Pn(µ, ν; y) eÐnai n-ostoÔ bajmoÔ sta y, ikanopoi¸ntac thn exÐswsh

Pn+1(µ, ν; y) = y(y + a)
d

dy
Pn(µ1, ν1; y) + [(µn+1 + µ)y + νn+1 + ν]Pn(µ1, ν1; y), (3.117)

me arqik  tim  th P0(µ, ν; y) = 1. Apì tic Ex. (3.107) kai (3.113), èpetai

Rn(β) ∝ β−µnf−
νn−aµn

a
− 1

2Pn(µ, ν; y) ∝ β−µnf
1
2

(
µn+ K̃

µn
−1
)
Pn(µ, ν; y). (3.118)

Gia β → 0, h sun�rthsh |Rn(β)|2 sumperifèretai wc β−2µn−2n = β−2µ, pou phgaÐnei sto

mhdèn ìpwc ja èprepe. Gia β →∞, h |Rn(β)|2β sumperifèretai wc β−µn+ K̃
µn . 'Ara h sunj kh

(3.68) upojètei ìti
µ2
n < K̃, (3.119)

pou isodunameÐ me

n2 + (2n+ 1)|µ| = n2 +

(
n+

1

2

)
(1 + ∆) < −k−1

a
. (3.120)

SumperaÐnoume ìti up�rqei ènac peperasmènoc arijmìc dèsmiwn kumatosunart sewn antapo-
krinìmenec sta n = 0, 1, . . . , nmax, ìpou nmax tètoio ¸ste

n2
max +

(
nmax +

1

2

)
(1 + ∆) < −k−1

a
≤ (nmax + 1)2 +

(
nmax +

3

2

)
(1 + ∆). (3.121)

Mènei t¸ra h epÐlush thc Ex. (3.117). Gi' autì to skopì k�noume thn allag  metablht¸n

t =
2y + a

a
, Pn

(
µ,
a

2

(
µ− K̃

µ

)
; y

)
= C(µ)

n Qn(µ; t), (3.122)
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ìpou C(µ)
n eÐnai k�poia stajer�. Ex' orismoÔ thc (3.122), èpetai ìti to Qn(µ; t) eÐnai n-ostoÔ

bajmoÔ polu¸numo sta t. Diadoqik� lamb�noume

y =
a

2
(t− 1), y + a =

a

2
(t+ 1),

d

dy
=

2

a

d

dt
. (3.123)

Me thn Ex. (3.107), eujèwc deÐqnetai ìti h Ex. (3.117) gÐnetai

2C
(µ)
n+1

aC
(µ−1)
n

Qn+1(µ; t) =

{
−(1− t2)

d

dt
+ (2µn+1 + n+ 1)

(
t− K̃

µn+1(µn+1 + n+ 1)

)}
×Qn(µ− 1; t). (3.124)

Apì thn �llh ta polu¸numa Jacobi ikanopoioÔn th sqèsh

2(n+ 1)(n+ α + β + 1)

2n+ α + β + 2
P

(α,β)
n+1 (z) =

{
−(1− z2)

d

dz
+ (n+ α + β + 1)

×
(
z +

α− β
2n+ α + β + 2

)}
P (α,β)
n (z), (3.125)

pou apokomÐzetai apì tic Ex. (22.7.1) kai (22.8.1) thc [84]. 'Ara ta Qn(µ− 1; t) eÐnai basik�
k�poia polu¸numa Jacobi

Qn(µ− 1; t) = P

(
µn+1− K̃

µn+1
,µn+1+ K̃

µn+1

)
n (t), (3.126)

b�sei thc epilog c

C
(µ)
n+1

C
(µ−1)
n

=
a

2

(n+ 1)(2µn+1 + n+ 1)

µn+1 + n+ 1
, C

(µ−n−1)
0 = 1, (3.127)

  me �lla lìgia

C(µ)
n =

(a
2

)n n!Γ(2µ− n+ 1)Γ(µ− n+ 1)

Γ(2µ− 2n+ 1)Γ(µ+ 1)
. (3.128)

Telik� oi kumatosunart seic dÐnontai apì

Rn(β) = Nnβ
−µnf

1
2

(
µn+ K̃

µn
−1
)
P

(
µn− K̃

µn
,µn+ K̃

µn

)
n (t), t =

2 + aβ

aβ
, (3.129)

me Nn touc suntelestèc kanonikopoÐhshc.

3.6.3 Suntelest c KanonikopoÐhshc

Gia ton upologismì tou Nn, ac ekfr�soume arqik� ìlh th kumatosun�rthsh Rn mèsw tou t:

Rn = Nn

(a
2

)µn
(t− 1)

1
2

(
µn− K̃

µn
+1
)
(t+ 1)

1
2

(
µn+ K̃

µn
−1
)
P

(
µn− K̃

µn
,µn+ K̃

µn

)
n (t). (3.130)
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'Ara∫ ∞
0

|Rn(β)|2dβ = |Nn|2
(a

2

)2µn−1
∫ ∞

1

(t−1)µn−
K̃
µn
−1×(t+1)µn+ K̃

µn
−1

[
P

(
µn− K̃

µn
,µn+ K̃

µn

)
n (t)

]2

.

(3.131)
Gia n = 0, to olokl rwma upologÐzetai eÔkola apì thn Ex. (3.196.2) thc [94]. Autì

odhgeÐ sto

N0 = a−µ+ 1
2

 Γ
(
−µ− K̃

µ
+ 1
)

Γ(−2µ+ 1)Γ
(
µ− K̃

µ

)
1/2

. (3.132)

Gia n 6= 0, parìmoio olokl rwma sumbaÐnei apì to an�ptugma twn poluwnÔmwn Jacobi sÔm-
fwna me thn Ex. (22.3.1) thc [84] kai oloklhr¸nontac k�je ìro. To apotèlesma gia to Nn

eÐnai

Nn = a−µn+ 1
2×

[
Γ

(
µn −

K̃

µn
+ n+ 1

)
Γ

(
µn +

K̃

µn
+ n+ 1

)]−1

×

(
Γ(−2µ+ 1)

n∑
m,p=0

A
(m,p)
n

B
(m,p)
n

)−1/2

, (3.133)

ìpou

A(m,p)
n = Γ

(
µn −

K̃

µn
+ 2n−m− p

)
, (3.134)

B(m,p)
n = m! (n−m)! p! (n− p)!Γ

(
µn −

K̃

µn
+ n−m+ 1

)
Γ

(
µn +

K̃

µn
+m+ 1

)

× Γ

(
µn −

K̃

µn
+ n− p+ 1

)
Γ

(
µn +

K̃

µn
+ p+ 1

)
Γ

(
−µn −

K̃

µn
−m− p+ 1

)
. (3.135)

3.7 Anaskìphsh

H ex�rthsh thc m�zac apì th paramìrfwsh all�zei ta apotelèsmata tou Davidson kai
Kratzer mèsw twn posot twn ki. Gia to dunamikì Davidson oi posìthtec

k1 = 2 + a2[5(1− δ − λ) + (1− 2δ)(1− 2λ) + 6 + Λ],

k0 = a[5(1− δ − λ) + 8 + 2Λ],

k−1 = 2 + Λ + 2β4
0 ,

(3.136)

eÐnai oi suntelestèc twn ìrwn β2, twn β0, kai twn β−2 antÐstoiqa. Par�goun f�sma

εn ≡ En,L = 1
2
[k0 + 1

2
a(3 + 2∆1 + 2∆2 + ∆1∆2) + 2a(2 + ∆1 + ∆2)n+ 4an2], (3.137)
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me ∆1 ≡
√

1 + 4k−1, ∆2 ≡
√

1 + 4k1

a2 . Sthn (3.137) o n eÐnai o kÔrioc kbantikìc arijmìc.

O kbantikìc arijmìc Λ, enswmat¸nei tic upìloipec z¸nec kai diaqwrÐzei touc perigrafìme-
nouc pur nec ìpwc suzht jhke. Gia n = 0 paÐrnoume th basik  z¸nh, gia n = 1 th pr¸th
diegermènh z¸nh wc proc β (β1 band), n = 2 th deÔterh diegermènh wc proc β (β2 band)
k.o.k. Gia thn akrÐbeia

E0,L =
19

4
a+

5

2
(1− δ− λ)a+

1

2

√
a2 + 4k1 +

a

2

√
1 + 4k−1 +

1

4

√
(a2 + 4k1)(1 + 4k−1) + aΛ,

(3.138)

E1,L = E0,L + 4a+
√
a2 + 4k1 + a

√
1 + 4k−1, (3.139)

E2,L = E0,L + 12a+ 2
√
a2 + 4k1 + 2a

√
1 + 4k−1, (3.140)

H basik  z¸nh lab�netai apì thn (3.138), h z¸nh β1 apì thn (3.139), en¸ h β2 apì thn
(3.140). Gia a = 0 ta apotelèsmata eÐnai

E1,L = E0,L + 2
√

2, E2,L = ε0 + 4
√

2, (3.141)

dhlad  oi kat¸tatec katast�seic twn zwn¸n β (β-bandheads) gÐnontai isapèqousec. H
(3.137) diafèrei apì th (2.66)

En,L = 2n+ p+
5

2
= 2n+ 1 +

√
Λ + β4

0 +
9

4
,

gia to Davidson me stajer  m�za. Af' enìc h (3.137) perièqei arket� perissìterouc ìrouc
apì ìti h (2.66), af' etèrou h parousÐa tou kÔriou kbantikoÔ arijmoÔ n se mhdenik , pr¸th
kai deÔterh t�xh sthn (3.137) eÐnai mia qarakthristik  èkfrash f�smatoc se prìblhma ìpou
h m�za exart�tai apì th jèsh ìpwc mporeÐ na idwjeÐ se antÐstoiqec ekfr�seic stic [64, 2, 3].
EpÐshc oi posìthtec ki kajorÐzoun kai tic kumatosunart seic Davidson sth Qamiltonian 
Bohr me m�za exarthmènh apì th paramìrfwsh

RΛ
n(β) = Nnβ

(1+∆1)/2f−1−(∆1+∆2)/4P (∆2/2,∆1/2)
n (t), t =

−1 + aβ2

1 + aβ2
, (3.142)

me ta P (∆2/2,∆1/2)
n (t) na eÐnai polu¸numa Jacobi, se diaforopoÐhsh apì tic kumatosunart seic

tou Davidson stajer c m�zac pou eÐnai polu¸numa Laguerre.
Gia to dunamikì Kratzer oi posìthtec

k0 = a2[2(3− δ − λ) + 1
4
(1− 2δ)(1− 2λ) + Λ],

k−1 = −2 + 2a[(4− δ − λ) + Λ],

k−2 = 2 + Λ + 2B̃,

(3.143)

eÐnai oi suntelestèc twn ìrwn β0, β−1 kai β−2 antÐstoiqa. Par�goun f�sma

εn =
1

2

k0 −

(
k−1 + a

[
n2 + 1

2
(1 + ∆)(2n+ 1)

]
2n+ 1 + ∆

)2
 , n = 0, 1, 2, . . . ., (3.144)
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me ∆ ≡
√

1 + 4k−2. Gia n = 0 paÐrnoume th basik  z¸nh, gia n = 1 th pr¸th diegermènh
z¸nh wc proc β (β1 band), n = 2 th deÔterh diegermènh wc proc β (β2 band) k.o.k. Xan�,
oi di�forec peript¸seic tou Λ kajorÐzoun pl rwc ìlouc touc tÔpouc kÐnhshc. EpÐshc diapi-
st¸netai h parousÐa tou kÔriou kbantikoÔ arijmoÔ n se mhdenik , pr¸th kai deÔterh t�xh,
se sÔgkrish me to f�sma tou Kratzer stajer c m�zac thc (2.71)

ε = −ε, x = 2β
√
ε, p =

√
Λ +

9

4
+ B̃,

√
ε =

A/2

p+ n+ 1
2

.

Eidikìtera, ìpwc kai sth perÐptwsh thc melèthc tou dunamikoÔ Coulomb me m�za exarthmènh
apì th jèsh [2], h exÐswsh (3.121) orÐzei peperasmèno arijmì dèsmiwn katast�sewn se antÐ-
jesh me to Kratzer stajer c m�zac ìpou oi dèsmiec katast�seic eÐnai �peirec. Oi aktinikèc
kumatosunart seic Kratzer sth Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh
eÐnai

RΛ
n(β) = Nnβ

−µnf
1
2

(
µn+ K̃

µn
−1
)
P

(
µn− K̃

µn
,µn+ K̃

µn

)
n (t), t =

2 + aβ

aβ
, (3.145)

me ta P

(
µn− K̃

µn
,µn+ K̃

µn

)
n (t) se diaforopoÐhsh apì tic kumatosunart seic tou Kratzer stajer c

m�zac pou eÐnai polu¸numa Laguerre. Sto Par�rthma Bþ parousi�zetai h sumperifor� twn
kumatosunart sewn sto ìrio a = 0.

��������������������������������������
�������������
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Kef�laio 4

H fainomenologÐa

Sto prìtupo Bohr k�je pur nac qarakthrÐzetai apì mia sugkekrimènh tim  sto sÔnolo
twn paramètrwn thc Qamiltonian c Bohr. Diaqronik� èqei epikrat sei h qr sh thc wc èna
shmeÐo anafor�c (benchmark) gia thn an�lush peiramatik¸n dedomènwn pou shmatodotoÔn
purhnikèc sullogikèc kin seic. Se autì to pneÔma, h epilog  thc parametropoÐhs c thc
exart�tai apì ta koin� peiramatik� qarakthristik� twn proc an�lush alusÐdwn isotìpwn.
Aut� den eÐnai �lla apì kanonikìthtec sto f�sma touc, oi opoÐec filoxenoÔntai sto prìtupo
Bohr wc ekdhl¸seic donhtik c kai peristrofik c sumperifor�c.

Apl� mètra gia tic kanonikìthtec autèc eÐnai [105]:
1. O energeiakìc lìgoc thc deÔterhc diegermènhc st�jmhc wc proc th pr¸th

R4/2 =
E(4+

1 )

E(2+
1 )
. (4.1)

Sun jwc h perioq  2 ≤ R4/2 ≤ 2.4 kaleÐtai donhtik    perÐpou donhtik , h 3 ≤ R4/2 ≤ 3.333
peristrofik    perÐpou peristrofik , en¸ h 2.4 ≤ R4/2 ≤ 3 eÐnai h metabatik  perioq .

2. O rujmìc met�bashc B(E2; 4+
1 → 2+

1 ) opoÐoc kat� th met�bash apì th donhtik  sth
peristrofik  perioq  parousi�zei aÔxhsh.

H taxinìmhsh twn kanonikot twn aut¸n gÐnetai pio susthmatik� me thn eisagwg  thc
ènnoiac thc dunamik c summetrÐac, ìpwc sunèbh me th susthmatik  qr sh tou protÔpou
twn allhlepidr¸ntwn mpozonÐwn (IBM) [5, 105] sthn an�lush twn purhnik¸n fasm�twn.
Sth Qamiltonian  tou Bohr h kÔria dunamik  summetrÐa ekfr�zetai apì thn alusÐda o-
m�dwn U(5) ⊃ O(5) ⊃ O(3) ⊃ O(2) [102]. Mian �llh, prìsfata diatupwmènh, eÐnai h
SU(1, 1)× SO(5) ⊃ U(1)× SO(3) ⊃ SO(2) [44]. Oi dÔo autèc dunamikèc summetrÐec diafè-
roun wc proc th parametropoÐhsh thc Qamiltonian c Bohr. H deÔterh eis�gei èna par�gonta
klÐmakac gia tic don seic wc proc β kai èqei th par�metro m�zac eleÔjerh. Eis�gei to fai-
nìmeno thc fugìkentrhc sumpÐeshc (centrifugal stretching) [44, 103, 104] sÔmfwna me to
opoÐo o kanìnac L(L + 1) den akoloujeÐtai pist� sta mèlh thc basik c z¸nhc ta opoÐa se
uyhlèc stroformèc pukn¸noun me par�llhlh aÔxhsh twn endozwnik¸n rujm¸n met�bashc.
H fugìkentrh sumpÐesh eÐnai apotèlesma twn anaparast�sewn thc SO(5), ìpwc ìmwc autèc
prokÔptoun apì thn SU(1, 1) × SO(5) [44]. AxÐzei na shmeiwjeÐ ìti oi idiokatast�seic tou
Davidson domoÔn tic anaparast�seic thc SU(1, 1) [44], wstìso autì de ja prèpei na epe-
ktajeÐ mhqanistik� stic antÐstoiqec tou Davidson me m�za exarthmènh apì th paramìrfwsh.

59
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Genik� h tautopoÐhsh dunamik¸n summetri¸n uyhlìterwn thc U(5)   thc SU(1, 1)×SO(5)
me tic peript¸seic akriboÔc epilusimìthtac thc Qamiltonian c tou Bohr eÐnai problhmatik .
To Interacting Boson Model [5] prosfèrei nèec dunamikèc summetrÐec gia thn an�lush twn
purhnik¸n fasm�twn ìpwc h O(6) kai h SU(3). H prosarmog  twn peiramatik¸n dedomènwn
astaj¸n wc proc γ kai axonik� summetrik¸n pur nwn stic anaparast�seic twn dunamik¸n
summetri¸n O(6) kai SU(3) antÐstoiqa eÐnai exairetik� epituq c [88]. Wstìso, tautopoÐhsh
thc O(6) kai thc SU(3) me tic peript¸seic akriboÔc epilusimìthtac thc Qamiltonian c tou
Bohr den up�rqei molonìti to gewmetrikì ìrio tou IBM [26] par�gei energeiakèc epif�neiec
pou qarakthrÐzoun astaj  wc proc γ kai axonik� summetrik� purhnik� sq mata. Autì  tan
kai �llo èna epiqeir ma gia th tropopoÐhsh thc Qamiltonian c tou Bohr, o periorismìc thc
sth dunamik  summetrÐa U(5)   h apousÐa thc O(6) kai thc SU(3) apì to prìtupo Bohr.
En gènei h sqèsh tou gewmetrikoÔ orÐou tou IBM [26] me th Qamiltonian  tou Bohr eÐnai
èna anoiqtì prìblhma sto opoÐo h paroÔsa didaktorik  diatrib  epikentr¸netai. 'Opwc ja
faneÐ sto teleutaÐo kef�laio h epilog  thc parametropoÐhshc thc Qamiltonian c Bohr me th
par�metro a sto kinhtikì ìro dhmiourgeÐ èna nèo koinì gewmetrikì plaÐsio gia to prìtupo
Bohr kai to gewmetrikì ìrio tou IBM. Sto parìn kef�laio ja exetasteÐ leptomer¸c h
fainomenologik  ep�rkeia thc Qamiltonian c Bohr me th par�metro a sto kinhtikì ìro.

4.1 Prosarmog  sta peiramatik� dedomèna

Sthn akrib¸c epilÔsimh morf  thc Qamiltonian c Bohr [51, 45], h parametropoÐhsh exart�tai
apì to dunamikì kai to tÔpo kÐnhshc. Gia to dunamikì Davidson me m�za exarthmènh apì th
paramìrfwsh to sÔnolo twn paramètrwn eÐnai to (a, β0) gia touc astajeÐc wc proc γ pur -
nec, kai to (a, β0, c) gia touc axonik� paramorfwmènouc epim keic pur nec. Gia to dunamikì
Kratzer me m�za exarthmènh apì th paramìrfwsh ta antÐstoiqa sÔnola eÐnai ta (a, B̃) kai
(a, B̃, c).

Prokeimènou na elaqistopoihjoÔn oi eleÔjerec par�metroi, h prosarmog  twn paramè-
trwn sta peiramatik� dedomèna gÐnetai apì thn antÐstoiqh twn jewrhtik¸n stouc peiramati-
koÔc energeiakoÔc lìgouc. Kataskeu�zontai wc

Ei(exp, th) =
Ei(exp,th) − E0+

1 (exp,th)

E2+
1 (exp,th) − E0+

1 (exp,th)

, (4.2)

ìpou Ei(exp, th) oi peiramatikèc   jewrhtikèc timèc pou ja qrhsimopoihjoÔn sth prosarmo-
g , en¸ Ei(exp,th) oi akribeÐc peiramatikèc (tic lamb�noume apì th [97]) kai jewrhtikèc (tic
lamb�noume apì th (3.137)   th (3.144) ) timèc antÐstoiqa.

OÔtwc   �llwc, h dom  tou f�smatoc exart�tai kurÐwc apì tic sqetikèc apost�seic meta-
xÔ twn energeiak¸n katast�sewn, kai toÔtec oi problèyeic ( ektÐmhsh dom c tou f�smatoc,
rujm¸n met�bashc) apoteloÔn touc antikeimenikoÔc stìqouc thc sullogik c fainomenologi-
k c prosèggishc. Oi parap�nw lìgoi jètoun th basik  kat�stash E0+

1
(exp, th) = 0, kai th

pr¸th diegermènh na eÐnai E1(exp, th) = 1. Oi lìgoi (4.2) ja qrhsimopoihjoÔn kai gia tic
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jewrhtikèc kai gia tic peiramatikèc timèc sto (rms) mètro poiìthtac thc prosarmog c

σ =

√∑n
i=1(Ei(exp)− Ei(th))2

(n− 1)E(2+
1 )2

. (4.3)

Oi timèc pou lamb�noun ta sÔnola twn paramètrwn (a, β0) kai (a, β0, c) eÐnai ekeÐnec pou ela-
qistopoioÔn th parap�nw posìsthta. H prosarmog  ektelèsthke gia mia plhj¸ra astaj¸n
wc proc γ kai axonik� summetrik¸n pur nwn. H sumfwnÐa eÐnai exairetik  gia touc lìgouc
R4/2 kai tic sqetikèc posìthtec.

4.2 Dunamikì Davidson

4.2.1 AstajeÐc wc proc γ pur nec

Oi jewrhtikèc problèyeic gia ta mèlh thc basik c z¸nhc apokomÐzontai apì thn (3.138),
ekeÐnec twn mel¸n thc hmÐ-β1 apì thn (3.139). Ta mèlh thc hmÐ-γ1 z¸nhc lamb�nontai mè-
sw twn ekfulism¸n touc me ta mèlh thc basik c ìpwc anafèretai sto ed�fio (2.2.1). Ta
apotelèsmata thc prosarmog c twn jewrhtik¸n stouc peiramatikoÔc energeiakoÔc lìgouc
parousi�zontai sto pÐnaka 4.1, gia δ = λ = 0. Diaforetikèc epilogèc gia ta δ kai λ o-
dhgoÔn se mian epanakanonikopoÐhsh twn tim¸n twn paramètrwn a, β0, kai c, diathr¸ntac
analloÐwtec tic enèrgeiec twn katast�sewn. H sumfwnÐa eÐnai exairetik , ìpwc dhl¸netai
apì to mètro poiìthtac thc prosarmog c to opoÐo se ìlec tic peript¸seic eÐnai mikrìtero
thc mon�dac.

H exètash thc sumperifor�c thc paramètrou a, mporeÐ na idwjeÐ sto pÐnaka 4.1 kai eÐnai
endiafèrousa gia ta isìtopa twn Xe, pou [88] an koun sth perioq  twn astaj¸n wc proc
γ pur nwn. EkteÐnontai apì ta ìria tou floioÔ netronÐwn ( to 134Xe80 akrib¸c k�tw apì
N=82) mèqri ta mèsa tou floioÔ (120Xe66) kai akìmh pio pèra, ekdhl¸nontac aux�nousa
sullogikìthta (auxanìmenoi lìgoi R4/2 = E(4+

1 )/E(2+
1 )) apì ta sÔnora mèqri ta mèsa tou

floioÔ. Kat� th kÐnhsh apì ta sÔnora tou floioÔ mèqri ta mèsa tou, shmei¸nontai ta ex c:
i)Ta 134Xe kai 132Xe dÐnoun perÐpou kajar� donhtik  sumperifor�. 'Ara den up�rqei kamÐa

an�gkh gia ex�rthsh thc m�zac apì th paramìrfwsh, h prosarmog  twn elaqÐstwn tetra-
g¸nwn odhgeÐ se a = 0. Epiprosjètwc, o ìroc β0 qrei�zetai sto dunamikì, h prosarmog 
dÐnei β0 = 0, pou dhl¸nei kajar� donhtik  sumperifor�.

ii) Sta epìmena dÔo isìtopa ( to 130Xe kai to 128Xe) h an�gkh gia thn anaq¸rhsh apì th
kajar� donhtik  sumperifor� gÐnetai xek�jarh, h prosarmog  odhgeÐ se mh mhdenikèc timèc
gia th par�metro β0. Wstìso, kai p�li den up�rqei an�gkh gia ex�rthsh thc m�zac apì th
paramìrfwsh, h prosarmog  exakoloujeÐ na odhgeÐ se a = 0.

iii) Pèra apì to 126Xe kai o ìroc β0 sto dunamikì kai h ex�rthsh thc m�zac apì th
paramìrfwsh gÐnontai anagkaÐec kai odhgoÔn se mh mhdenikèc timèc gia ta β0 kai a.

Oi upìloipec alusÐdec isotìpwn dhl¸noun parìmoia sumperifor�. AxÐzei ed¸ na shmeiw-
jeÐ ìti ta arijmhtik� apotelèsmata gia th sumperifor� thc paramètrou a sta isìtopa tou Xe
all� kai tou Ba jumÐzoun mia krÐsimh sumperifor�. Up�rqei trèqousa suz thsh gia to an
k�poia isìtopa tou Xe akoloujoÔn th summetrÐa krÐsimou shmeÐou E(5) [32]. Ta parap�nw
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sqìlia deÐqnoun ìti to a paÐrnei apìtoma th tim  mhdèn tautìqrona gia ta isìtopa 128−134Xe
ìpwc epÐshc kai ta 134−136Ba ìpwc faÐnetai sto pÐnaka 4.1 , me ta mèqri stigm c peiramati-
k� dedomèna na dÐnoun mon�qa to 134Ba wc par�deigma thc E(5) [98] kai ìqi k�poio apì ta
isìtopa tou Xe. Wstìso, sto teleutaÐo kef�laio deÐqnetai ìti gia a = 0 ulopoieÐtai h sum-
metrÐa E(5), gegonìc pou Ðswc odhgeÐ se diaforetikèc ekdhl¸seic thc E(5) stouc atomikoÔc
pur nec apì ìti arqik� problèfjhke [32].

Sta sq mata (4.1) kai (4.2) parousi�zontai grafik� ta f�smata kai oi rujmoÐ met�bashc
(ja analujoÔn parak�tw) gia to 110Cd kai to 118Xe antÐstoiqa. To kÔrio qarakthristikì
eÐnai h kal  sumfwnÐa twn energeiak¸n epipèdwn gia uyhlèc stroformèc, h opoÐa den  tan
sun jhc sthn arqik  Qamiltonian  tou Bohr. Gia tic z¸nec β, ìpwc idÐwc faÐnetai sto 110Cd
tou sq matoc (4.1), de mporeÐ na eipwjeÐ autì ìso ki an deÐqnoun mia kal  sumperifor�.
Apì th mÐa to jèma autì èqei na k�nei me thn epilog  tou dunamikoÔ. To Davidson p�ei
sto �peiro gia meg�la β spr¸qnontac tic z¸nec β kai ta endozwnik� touc q�smata yhlìtera
se enèrgeia. Apì thn �llh sth dunamik  summetrÐa SU(1, 1) × SO(5) to fainìmeno thc
fugìkentrhc sumpÐeshc eis�getai ¸ste oi z¸nec β na pèsoun pio qamhl� se enèrgeia [44].
ApousÐa autoÔ tou fainomènou shmaÐnei ìti gia par�deigma to bandhead thc z¸nhc β1 ja
prèpei na prosarmìzetai se uyhlìterh kat�stash 0+ apì thn 0+

2 . 'Opwc faÐnetai sta sq mata
(4.1) kai (4.2) to fainìmeno autì apousi�zei, ta jewrhtik� energeiak� epÐpeda gia uyhlèc
stroformèc akoloujoÔn ta peiramatik� se kal  sumfwnÐa. En gènei o qarakthrismìc twn
zwn¸n β eÐnai èna anoiqtì prìblhma kai ìpwc kurÐwc èdeixe h melèth tou Garrett [106].
Se merikoÔc pur nec h 0+

2 eÐnai mia kal  epilog  gia to β- bandhead. Gia �llouc up�rqei
h pijanìthta to rìlo autì na paÐzei h 0+

3   h 0+
4   kai uyhlìterhc enèrgeiac katast�seic

0+, wstìso genik  mèjodoc qarakthrismoÔ twn zwn¸n β den up�rqei kai paradosiak� h
kat�stash 0+

2 lamb�netai wc to bandhead thc z¸nhc β.

4.2.2 Axonik� summetrikoÐ epim keic pur nec

Oi enèrgeiec twn katast�sewn thc basik c z¸nhc kaj¸c kai thc z¸nhc β1 (kai oi dÔo èqoun
nγ = 0 kai K = 0) lamb�nontai apì tic exis¸seic (3.138) kai (3.139) antÐstoiqa, en¸
ekeÐnec twn katast�sewn thc z¸nhc γ1 apokomÐzontai apì thn exÐswsh (3.138) me nγ =
1 kai K = 2. Epilèqjhke xan� δ = λ = 0, kai diaforetikèc epilogèc gia ta δ kai λ
odhgoÔn se mian epanakanonikopoÐhsh twn tim¸n twn paramètrwn a, β0, kai c, diathr¸ntac
analloÐwtec tic enèrgeiec twn katast�sewn. Oi prosarmogèc twn paramètrwn gia ta f�smata
twn paramorfwmènwn spanÐwn gai¸n kai aktinÐdwn deÐqnontai sto PÐnaka 4.2. H genik 
sumfwnÐa eÐnai arket� ikanopoihtik , sugkrÐsimh me ekeÐnh tou PÐnaka 4.1. Oi pur nec stouc
opoÐouc to mètro poiìthtac apoklÐnei èqoun protajeÐ wc upoy fioi gia th summetria X(5),
stouc opoÐouc to Davidson deÐqnei na mhn antapokrÐnetai. AntÐjeta to Kratzer proseggÐzei
polÔ kalÔtera thn summetrÐa X(5), ìpwc ja faneÐ parak�tw sto ed�fio 4.3.

H poiìthta thc prosarmog c faÐnetai epÐshc sto PÐnaka 4.3, ìpou oi upologizìmenec
enèrgeiec gia tic katast�seic twn 162Dy, 238U sugkrÐnontai me to peÐrama. To arijmhti-
k� apotelèsmata tou PÐnaka 4.3 ìpwc epÐshc kai oi rujmoÐ met�bashc twn pur nwn aut¸n
parousi�zontai sta sq mata 4.5 kai 4.6.

AxÐzei na anaferjoÔn ta parak�tw.
1) Up�rqei mia polÔ kal  anaparagwg  twn energeiak¸n zwn¸n sto sÔnolì touc, ìpwc
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pistopoieÐtai apì tic katast�seic me qamhlìterh enèrgeia se k�je z¸nh (bandhead) kaj¸c
kai ta energeiak� q�smata mèsa se k�je z¸nh. To teleutaÐo isqÔei eidikìtera gia th basik 
kai th z¸nh γ1. H apìklish sth basik  z¸nh tou 162Dy ft�nei to 0.6% sth kat�stashc
me L = 18, en¸ gia ekeÐnh tou 238U ft�nei to 1.7% sthn L = 30. Ta peiramatik� dedomèna
gia th z¸nh γ1 tou 162Dy (mèqri thn L = 14) ekteÐnontai mèqri 28.4 mon�dec enèrgeiac,
en¸ oi antÐstoiqoi jewrhtikoÐ mac upologismoÐ ft�noun tic 28.7 mon�dec, me th diafor� na
kumaÐnetai sth t�xh tou 1%. OmoÐwc sto 238U to peiramatikì energeiakì eÔroc thc z¸nhc
γ1 (mèqri thn L = 17) eÐnai 89.1 mon�dec enèrgeiac, en¸ to antÐstoiqo peiramatikì eÐnai mèqri
87.3, me th diafor� na eÐnai sth t�xh tou 2%.

2) Wstìso shmei¸netai, ìpwc gia par�deigma faÐnetai sto sq ma 4.5 gia to 162Dy, pwc
kai p�li oi jewrhtikèc problèyeic gia ta energeiak� q�smata mèsa stic z¸nec β1 diafèroun
apì tic peiramatikèc uperektim¸ntac ta. 'Opwc kai prin, upeÔjunh eÐnai h sun�rthsh tou
dunamikoÔ Davidson, pou ft�nei sto �peiro gia meg�la β, spr¸qnontac tic z¸nec β pio yhl�
aux�nontac epÐshc ta energeiak� q�smata metaxÔ twn katast�se¸n touc. Wstìso autì de
faÐnetai na sumbaÐnei sto 238U ìpwc faÐnetai sto sq ma 4.6, all� autì eÐnai mia exaÐresh.
Parak�tw ja deÐxoume pwc autì to prìblhma antimetwpÐzetai me th qr sh tou dunamikoÔ
Kratzer. Shmei¸netai epÐshc pwc gia to prìblhma autì èqei qrhsimopoihjeÐ to dunamikì
Morse [90] pou ìpwc kai to Kratzer apokt� asumptwtik� mia peperasmènh tim  gia meg�la β
[89].

4.3 Dunamikì Kratzer

4.3.1 AstajeÐc wc proc γ pur nec

Oi jewrhtikèc problèyeic gia ta mèlh thc basik c z¸nhc, ekeÐnec twn mel¸n twn hmÐ-β1,hmÐ-
β2 k.o.k. lamb�nontai apì thn exÐswsh (3.144) kai ta mèlh thc hmÐ-γ1 z¸nhc lamb�nontai
mèsw twn ekfulism¸n touc me ta mèlh thc basik c ìpwc anafèretai sto ed�fio 2.2.1. Ta
apotelèsmata thc prosarmog c twn jewrhtik¸n stouc peiramatikoÔc energeiakoÔc lìgouc
parousi�zontai ston PÐnaka 4.4 kai èqoun apokomisteÐ gia δ = λ = 0. Xan�, diaforetikèc
epilogèc gia ta δ kai λ odhgoÔn se mia epanakanonikopoÐhsh twn tim¸n twn paramètrwn a
kai B̃, me ta problepìmena energeiak� epÐpeda na paramènoun akrib¸c ta Ðdia. To mètro
poiìthtac kai ed¸ eÐnai p�nta mikrìtero thc mon�dac. H par�metroc a parousi�zei xan�
axioshmeÐwth sumperifor� sta isìtopa tou Xe ìpwc kai sto ed�fio 4.2.1. Proqwr¸ntac apì
to ìrio tou magikoÔ mèqri kai ta mèsa tou floioÔ shmei¸nontai ta ex c:

i) H par�metroc tou dunamikoÔ Kratzer B̃ aux�netai omal� kaj¸c kinoÔmaste apì to
sÔnoro mèqri ta mèsa tou floioÔ.

ii) H par�metroc a, h opoÐa ekfr�zei thn ex�rthsh thc m�zac apì th paramìrfwsh,
eÐnai mhdèn,   kont� sto mhdèn, gia ta pr¸ta 4 isìtopa kont� sto sÔnoro, en¸ apokt� mh-
mhdenikèc timèc gia ta telutaÐa 5 isìtopa kont� sta mèsa tou floioÔ. Autì upodeiknÔei ìti
kont� stouc sfairikoÔc pur nec den up�rqei ex�rthsh thc m�zac apì th paramìrfwsh, en¸
gÐnetai anagkaÐa ìtan apomakrunìmaste apì to sfairikì sq ma.

Sta sq mata 4.3 kai 4.4 parousi�zontai ta f�smata kai oi rujmoÐ met�bashc gia to 110Cd
kai to 118Xe. SugkrÐnontac to sq ma 4.3 pou prokÔptei apì to Kratzer me to antÐstoiqo 4.1
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pou prokÔptei apì to Davidson, parathreÐtai h sqetik  diìrjwsh twn qasm�twn thc z¸nhc
β. Par�llhla parathreÐtai sumpÐesh twn uyhlìterwn energeiak¸n epipèdwn thc basik c
z¸nhc ìpwc epÐshc kai shmantik  aÔxhsh twn endozwnik¸n rujm¸n met�bashc sto jewrhtikì
mèroc tou sq matoc 4.3 se sqèsh me to antÐstoiqo tou sq matoc 4.1. Gia par�deigma sto
sq ma 4.3 o rujmìc met�bashc B(E2; 10+

1 → 8+
1 ) eÐnai 11.54 forèc megalÔteroc apì ton

B(E2; 2+
1 → 0+

1 ) en¸ sto sq ma 4.1 antÐstoiqoc lìgoc eÐnai mìlic 4.87 mon�dec. H sumpÐesh
twn uyhlìterwn energeiak� katast�sewn eÐnai orat  kai sth perÐptwsh tou 118Xe sto sq ma
4.4. AxÐzei na shmeiwjeÐ ìti h sqetik  metatìpish twn zwn¸n β me th par�llhlh sumpÐesh
twn uyhlìterwn energeiak� katast�sewn thc basik c z¸nhc kai aÔxhsh twn endozwnik¸n
rujm¸n met�bas c thc, up�rqei kai sth dunamik  summetrÐa SU(1, 1) × SO(5) [44] ìpou
anafèretai wc fugìkentrh sumpÐesh [44, 103, 104] kai anafèrjhke stic arqèc autoÔ tou
kefalaÐou.

Ta energ� dunamik� twn Ex. (3.49) gia orismèna isìtopa tou Xe, kat�llhla diamorfw-
mènwn ìpwc perigr�fetai sto Par�rthma Bþ, faÐnontai sto sq ma 4.9. EÐnai fanerì ìti ta
dunamik� bajaÐnoun kaj¸c kinoÔmaste apì to sÔnoro tou floioÔ twn netronÐwn (134Xe80)
sta mèsa tou floioÔ (120Xe66).

'Allec alusÐdec isotìpwn epÐshc deÐqnoun parìmoia sumperifor�. Gia par�deigma, ta
energ� dunamik� twn Ex. (3.49) gia k�poia isìtopa tou Ba, kat�llhla diamorfwmènwn ìpwc
perigr�fetai sto Par�rthma Bþ, deÐqnontai sto sq ma 4.10. EÐnai xan� fanerì ìti ta dunamik�
bajaÐnoun kaj¸c kinoÔmaste apì ta sÔnora tou floioÔ twn netronÐwn (136Ba80) proc ta mèsa
tou floioÔ (122Ba66).

H ex�rthsh twn energ¸n dunamik¸n thc Ex. (3.49) apì th par�metro a kai th stroform 
L faÐnontai sto sq ma 4.10, met� apì th kat�llhlh diamìrfwsh ìpwc analÔetai sto Pa-
r�rthma Bþ. To energì dunamikì gia th kat�stash me L = 4 thc basik c z¸nhc gia to 130Xe
qrhsimopoieÐtai wc b�sh gia th sÔgkrish. FaÐnetai ìti to energì dunamikì gÐnetai ligìte-
ro bajÔ kaj¸c h par�metroc a aux�netai. EpÐshc gÐnetai ligìtero bajÔ kaj¸c h troqiak 
stroform  aux�netai.

4.3.2 Axonik� summetrikoÐ epim keic pur nec

Ta apotelèsmata thc prosarmog c twn jewrhtik¸n energeiak¸n lìgwn me to dunamikì Kra-
tzer stouc antÐstoiqouc peiramatikoÔc gia tic paramorfwmènec aktinÐdec kai tic sp�niec gaièc
parousi�zontai sto pÐnaka 4.5. Xan�, oi jewrhtikèc problèyeic gia ta jewrhtik� energeiak�
epÐpeda lamb�nontai apì thn exÐswsh (3.144). H basik  z¸nh lamb�netai gia n = 0 kai h
z¸nh β1 gia n = 1, en¸ kai oi dÔo èqoun nγ = 0 kai K = 0. H z¸nh γ1 lamb�netai gia n = 0,
nγ = 1 kai K = 2. Xan�, ègine h epilog  δ = λ = 0, kai faÐnetai ìti diaforetikèc epilogèc
gia ta δ kai λ odhgoÔn sthn epanakanonikopoÐhsh twn tim¸n twn paramètrwn a, B, kai c, ta
problepìmena energeiak� epÐpeda paramènoun akrib¸c ta Ðdia. 'Opwc faÐnetai ston PÐnaka
4.5 h prosarmog  eÐnai polÔ kal  me to mètro poiìthtac eÐnai sqedìn pantoÔ k�tw apì th
mon�da, kai polÔ kal  sumfwnÐa twn lìgwn R4/2 kai twn sqetik¸n posot twn.

H poiìthta twn prosarmog¸n mporeÐ epÐshc na eidwjeÐ ston PÐnaka 4.6, ìpou ta upolo-
gizìmena energeiak� epÐpeda tou 170Er kai 232Th sugkrÐnontai me to peÐrama kai eikonÐzontai
sta sq mata 4.7 kai 4.8 antÐstoiqa. ParathreÐtai ìti sto 170Er, sto sq ma 4.7, up�rqei kai
p�li polÔ kal  sumfwnÐa gia uyhlèc energeiak� katast�seic thc basik c z¸nhc, wstìso h
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z¸nh β eÐnai kai p�li uperektimhmènh, pr�gma to opoÐo den isqÔei genik� gia ta apotelèsmata
tou Kratzer ìpwc gia par�deigma faÐnetai sto sq ma 4.8. EkeÐ, to 232Th parousi�zei to
qarakthristikì pou isqÔei kai stouc pur nec tou PÐnaka 4.7, dhlad  polÔ kal  sumfwnÐa
twn zwn¸n β me par�llhlh sumpÐesh twn uyhlìterwn energeiak� katast�sewn thc basik c
z¸nhc.

H kÔria diafor� metaxÔ thc jewrÐac kai tou peir�matoc sth perÐptwsh tou dunamikoÔ
Davidson [40] eurèjei stic z¸nec β1, stic opoÐec ta jewrhtik� energeiak� q�smata  tan
megalÔtera apì ta peiramatik�, wstìso me exairèseic ìpwc p.q tou 238U sto sq ma 4.6.
To qarakthristikì autì apodìjhke sto sq ma tou dunamikoÔ Davidson pou ft�nei sto
�peiro gia meg�la β, ”spr¸qnwntac” ètsi tic z¸nec β yhlìtera aux�nontac par�llhla ta
endozwnik� energeiak� q�smata. 'Opwc anafèrjhke, to prìblhma autì mporeÐ na apofeuqjeÐ
qrhsimopoi¸ntac èna dunamikì pou na phgaÐnei se k�poia peperasmènh tim  gia meg�la β
[89], ìpwc to dunamikì tou Morse [90, 91, 92]. To dunamikì tou Kratzer phgaÐnei sto
mhdèn gia meg�la β, apofeÔgontac ètsi to prìblhma thc uperektÐmhshc twn energeiak¸n
qasm�twn mèsa sth z¸nh β1, ìpwc faÐnetai sto pÐnaka 4.7 kai to sq ma 4.8. AxÐzei ed¸ na
shmeiwjeÐ ìti ta apotelèsmata tou Kratzer stouc axonik� summetrikoÔc pur nec diorj¸noun
th sumperifor� twn zwn¸n β dÐqwc to kìstoc thc fugìkentrhc sumpÐeshc sta mèlh thc
basik c z¸nhc ìpwc faÐnetai apì th kal  sumperifor� twn katast�sewn me uyhl  stroform 
gia th basik  z¸nh sta sq mata 4.7 kai 4.8.

Sto Sq ma 4.11, deÐqnontai ta energ� dunamik� thc Ex. (3.49) gia k�poia isìtopa tou Gd
kai tou Dy, kat�llhla prosarmosmèna ìpwc perigr�fetai sto Par�rthma Bþ. EÐnai fanerì
ìti ta dunamik� bajaÐnoun kaj¸c kaneÐc kineÐtai apì ta sÔnora tou floioÔ netronÐwn proc
ta mèsa tou floioÔ.

'Allh mia diafor� metaxÔ tou dunamikoÔ Davidson kai tou dunamikoÔ Kratzer eÐnai ìti to
pr¸to de mporeÐ na perigr�yei ta isìtona me N = 90 ìpwc ta 150Nd, 152Sm, 154Gd, kai 156Dy,
ta opoÐa jewroÔntai wc ta kalÔtera paradeÐgmata [82] gia th summetrÐa krÐsimou shmeÐou
X(5) [33], en¸ sto deÔtero lamb�netai kal  sumfwnÐa. Pr�gmati, sto pÐnaka 4.2 parathreÐtai
ìti meg�lec apoklÐseic tou mètrou poiìthtac σ lamb�nontai sth perÐptwsh tou Davidson,
en¸ ta f�smata pou lamb�nontai sth perÐptwsh tou Kratzer anafèrontai sto pÐnaka 4.7,
mazÐ me tic problèyeic gia thn X(5) [33, 86, 93]. Stic z¸nec β1, sugkekrimèna, blèpoume
ìti sth paroÔsa prosèggish, qrhsimopoi¸ntac ton Ðdio arijmì paramètrwn ( treic gia touc
axonik� summetrikoÔc ) ìpwc sto dunamikì tou Davidson, apofeÔgetai h uperektÐmhsh twn
endozwnik¸n energeiak¸n qasm�twn.

H ikanìthta tou dunamikoÔ Kratzer na perigr�yei ta isìtona me N = 90, sta opoÐa
to dunamikì tou Davidson apotugq�nei, mporeÐ na katanohjeÐ b�sei tou sq matoc twn dÔo
dunamik¸n. To dunamikì tou Kratzer gia kat�llhlec timèc twn paramètrwn, proseggÐzei to
bajÔ phg�di, jumÐzontac ètsi to �peiro phg�di dunamikoÔ pou qrhsimopoieÐtai sto montèlo
X(5) [33], pou eÐnai gnwstì ìti perigr�fei ta N = 90 isìtona.

Sto Sq ma 4.12 (diamorfwmèno sÔmfwna me to Par�rthma Bþ) parousi�zontai ta energ�
dunamik� gia touc pur nec me N = 90 pou eÐnai kai kal� paradeÐgmata gia th summetrÐa
krÐsimou shmeÐou X(5), enisqÔontac ta sqìlia pou èginan parap�nw.

Sto Sq ma 4.13 deÐqnetai h ex�rthsh twn energ¸n dunamik¸n thc exÐswshc (3.49) (dia-
morfwmèna sÔmfwna me to Par�rthma Bþ) me th par�metro a kai me th troqiak  stroform 
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L gia ta isìtopa tou Gd kai tou Dy. Wc b�sh gia th sÔgkrish qrhsimopoieÐtai to energì
dunamikì thc kat�stashc me L = 4 thc basik c z¸nhc tou 154Gd. FaÐnetai xan� ìti to energì
dunamikì gÐnetai ligìtero bajÔ kaj¸c h par�metroc a aux�netai. EpÐshc gÐnetai ligìtero
bajÔ kaj¸c aux�netai h troqiak  stroform  L.

4.4 RujmoÐ Met�bashc B(E2)

'Eqontac apì th prosarmog  sta peiramatik� dedomèna tic timèc twn sunìlwn (a, β0) kai
(a, β0, c), oi rujmoÐ met�bashc B(E2) mèsa sth basik  z¸nh, ìpwc epÐshc kai oi diazwnikoÐ gia
touc opoÐouc up�rqoun diajèsima peiramatik� dedomèna gia diafìrouc pur nec, upologÐzontai
�mesa. Apotelèsmata thc sÔgkrishc gia ta f�smata kai touc rujmoÔc met�bashc B(E2) me
ta peiramatik� dedomèna ja dojoÔn, ìpou aut� eÐnai diajèsima.

Kat' arq n, o rujmìc met�bashc B(E2) dÐnetai apì th sqèsh [8]

B(E2; %L→ %′L′) =
5

16π

|〈%′L′||T (E2)||%L〉|2

2L+ 1
, (4.4)

ìpou % oi kbantikoÐ arijmoÐ ektìc thc stroform c L. O tetrapolikìc telest c T (E2) eÐnai
[51]

T (E2) = tβ

[
D(2)
µ,0(θi) cos γ +

1√
2

(
D(2)
µ,2(θi) +D(2)

µ,−2(θi)
)

sin γ

]
, (4.5)

me t na eÐnai ènac par�gontac klÐmakac kai to je¸rhma Wigner-Eckart sth morf 

〈%′L′M ′|T (E2)
µ |%LM〉 =

1√
2L′ + 1

〈L2L′|MµM ′〉〈%′L′||T (E2)||%L〉. (4.6)

Oi sqèseic autèc katal goun sthn [45]

B(E2;nLnγK → n′L′n′γK
′) =

5

16π
t2(〈L2L′|K,K ′ −K,K ′〉)2B2

n,L,n′,L′C
2
nγ ,K,n′γ ,K

′ , (4.7)

me

B2
n,L,n′,L′ =

∫
βRn′(β)Rn(β)dβ, (4.8)

en¸ ta C2
nγ ,K,n′γ ,K

′ eÐnai ta oloklhr¸mata wc proc γ me ètoimec timèc apì th [45]. Eidikìtera
gia touc astajeÐc wc proc γ to aktinikì mèroc gÐnetai

Bn′,τ+1;n,τ =

∫ ∞
0

βξn′,τ+1(β)ξn,τ (β)β4dβ =

∫ ∞
0

βRn′,τ+1(β)Rn,τ (β)dβ, (4.9)

H ex�rthsh twn kumatosunart sewn Rn(β) apì to τ perilamb�netai sto Λ, en¸ h sqèsh
tou me th stroform  apì ton algìrijmo tou edafÐou 2.2.1. Gia touc axonik� summetrikoÔc
pur nec to aktinikì mèroc eÐnai

Bn,L,n′,L′ =

∫ ∞
0

βξn,L(β)ξn′,L′(β)β4dβ =

∫ ∞
0

βRn,L(β)Rn′,L′(β)dβ. (4.10)
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'Opwc kai stic [33, 45] upologÐzontai oi anhgmènoi rujmoÐ met�bashc wc proc th B(E2; 2+
1 →

0+
1 ), dhlad  gia th met�bash apì kat�stash me stroform  Li se Lf upologÐzetai o lìgoc

B(E2;Li → Lf )

B(E2; 2+
1 → 0+

1 )
. (4.11)

Me autì to trìpo apaleÐfetai o par�gontac klÐmakac t. Gia ton upologismì twn rujm¸n
met�bashc kai th sÔgkris  touc me ta peiramatik� dedomèna kataskeu�sthke prwtìtupoc
k¸dikac sth Mathematica. O upologismìc ekteleÐtai kai gia ta dÔo dunamik�. Ta sÔnola
paramètrwn (a, β0) kai (a, β0, c) apojhkeÔontai se dÔo xeqwristèc lÐstec. Epilègetai ènac
sugkekrimènoc rujmìc met�bashc kai o upologismìc ekteleÐtai gia ìlec tic timèc thc lÐstac.

Ta arijmhtik� apotelèsmata apì th prosarmog  kai ton upologismì twn rujm¸n met�-
bashc parousi�zontai stouc pÐnakec pou paratÐjentai sto tèloc tou kefalaÐou. AkoloujeÐ
o sqoliasmìc touc.

4.4.1 RujmoÐ met�bashc sto Davidson

Oi B(E2) mèsa sth basik  z¸nh, ìpwc epÐshc kai oi diazwnikèc gia tic opoÐec up�rqoun
peiramatik� dedomèna gia di�forouc pur nec gia touc opoÐouc up�rqoun peiramatik� dedomèna,
èqoun upologisteÐ. Ta apotelèsmata faÐnontai sto pÐnaka 4.8 gia touc astajeÐc wc proc γ
kai ston 4.9 gia touc axonik� summetrikoÔc epim keic pur nec. UpologÐsthkan me to k¸dika
pou faÐnetai sto par�rthma basismènoc sto ed�fio 4.4.

H epituqÐa tou dunamikoÔ Davidson sthn anaparagwg  twn kanonikot twn tou ruj-
moÔ met�bashc B(E2; 4+

1 → 2+
1 ), kanonikopoihmènou sthn B(E2; 2+

1 → 0+
1 ), gia touc u-

p�rqontec peiramatik� gnwstoÔc paramorfwmènouc pur nec, astajeÐc wc proc γ kai a-
xonik� summetrikoÔc faÐnetai sta apotelèsmata twn pin�kwn 4.8 kai 4.9. Oi upìloipec
endozwnikèc (intraband) metab�seic twn epìmenwn mel¸n thc basik c z¸nhc mèqri kai th
B(E2; 10+

1 → 8+
1 ) epÐshc anapar�goun tic peiramatikèc metr seic se polÔ kalì bajmì.

Oi diazwnikèc (interband) metab�seic , ìpwc h B(E2; 2+
2 → 2+

1 )   h B(E2; 2+
3 → 2+

1 ) ka-
nonikopoihmènec sth B(E2; 2+

1 → 0+
1 ) genik� parousi�zoun apoklÐseic. Autì eÐnai ligìtero

emfanèc stouc astajeÐc wc proc γ pur nec. AntÐjeta, sth perÐptwsh twn axonik� summe-
trik¸n pur nwn diazwnikèc metab�seic ìpwc oi B(E2; 2+

β → 2+
1 )   h B(E2; 2+

γ → 2+
1 ), xan�

kanonikopoihmènec sth B(E2; 2+
1 → 0+

1 ) eÐnai aisjht� uperektimhmènec, ìpwc faÐnetai sto
pÐnaka 4.9. H katanìhs  mac se sqèsh me autèc tic apoklÐseic ja anadujeÐ sto teleutaÐo
kef�laio kai èqei na k�nei me th qr sh tou tetrapolikoÔ telest . H ex�rthsh thc m�zac apì
th paramìrfwsh eÐnai to apotèlesma uyhlìterhc summetrÐac apì th U(5) kai oi parathrÐsimec
posìthtec (observables) tou protÔpou Bohr ja prèpei na epanajemeliwjoÔn (re-formulate).
H Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh eÐnai mia morf  epanajeme-
lÐwshc thc parathr simhc posìthtac thc enèrgeiac sth nèa perioq  summetrÐac. Wstìso
h epanajemelÐwsh de sumbaÐnei gia tic parathrÐsimec tetrapolikèc metab�seic metaxÔ twn
energeiak¸n epipèdwn dhlad  gia to tetrapolikì telest . Gia th morf  tou tetrapolikoÔ
telest  pou ja antistoiqeÐ sth sugkekrimènh ex�rthsh thc m�zac apì th paramìrfwsh eÐnai
anagkaÐo to gewmetrikì ìrio tou IBM, ìpwc ja faneÐ sto teleutaÐo kef�laio.
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4.4.2 RujmoÐ met�bashc sto Kratzer

Oi B(E2) mèsa sth basik  z¸nh, ìpwc epÐshc kai oi diazwnikoÐ gia touc opoÐouc up�rqoun
diajèsima peiramatik� dedomèna gia diafìrouc pur nec, upologÐzontai b�sei twn paramètrwn
twn pin�kwn 4.4 kai 4.5 gia touc astajeÐc wc proc γ kai touc axonik� summetrikoÔc epim keic
pur nec antÐstoiqa. Ta apotelèsmata faÐnontai ston PÐnaka 4.10 gia touc astajeÐc wc
proc γ kai 4.11 gia touc axonik� summetrikoÔc epim keic. H ìlh sumfwnÐa eÐnai kal  gia
metab�seic mèsa sth basik  z¸nh, ìpwc epÐshc kai gia ekeÐnec pou sundèoun th γ1 me th
basik , en¸ oi metab�seic apì th β1 sth basik , teÐnoun na eÐnai uper-ektimhmènec. Autì
faÐnetai kalÔtera kai sta sq mata 4.7 kai 4.8, ìpou oi jewrhtikèc diazwnikèc metab�seic
eÐnai aisjht� megalÔterec (paqÔterec grafik�) apì tic antÐstoiqec peiramatikèc. AitÐa kai
ed¸ ja prèpei na jewrhjeÐ h nèa summetrÐa pou anadeiknÔetai apì thn ex�rthsh thc m�zac
apì th paramìrfwsh gia to dunamikì Kratzer kai den ekfr�zetai faner� me thn epilog  tou
sun jouc tetrapolikoÔ telest .

4.5 Sq mata kai PÐnakec arijmhtik¸n apotelesm�-
twn
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Sq ma 4.1: SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 110Cd apì th
Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì Davidson (ari-
ster�) stouc astajeÐc wc proc γ pur nec [gia tic sqetikèc exis¸seic deÐte to ed�fio (3.7)],
b�sei twn paramètrwn tou pÐnaka 4.1 gia to 110Cd kai twn rujm¸n met�bashc tou pÐnaka
4.8 epÐshc. Dexi� parousi�zontai oi peiramatikèc timèc gia to f�sma [87] kai touc rujmoÔc
met�bashc ìpou autoÐ eÐnai diajèsimoi b�sei tou pÐnaka 4.8 gia to 110Cd.
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Sq ma 4.2: OmoÐwc me to sq ma 4.1, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc
gia to 118Xe apì th Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to
dunamikì Davidson.
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Sq ma 4.3: SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 110Cd apì th Qa-
miltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì Kratzer (arister�)
stouc astajeÐc wc proc γ pur nec [gia tic sqetikèc exis¸seic deÐte to ed�fio (3.7)], b�sei
twn paramètrwn tou pÐnaka 4.1 gia to 110Cd kai twn rujm¸n met�bashc tou pÐnaka 4.8 epÐshc.
Dexi� parousi�zontai oi peiramatikèc timèc gia to f�sma [87] kai touc rujmoÔc met�bashc
ìpou autoÐ eÐnai diajèsimoi b�sei tou pÐnaka 4.8 gia to 110Cd.
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Sq ma 4.4: OmoÐwc me to sq ma 4.3, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc
gia to 118Xe apì th Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to
dunamikì Kratzer.
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Sq ma 4.5: SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 162Dy apì th
Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì Davidson (ari-
ster�), gia touc axonik� summetrikoÔc epim keic pur nec [gia tic sqetikèc exis¸seic deÐte to
ed�fio (3.7)] b�sei twn paramètrwn tou pÐnaka 4.2 gia to 162Dy kai twn rujm¸n met�bashc
tou pÐnaka 4.9 epÐshc. Dexi� parousi�zontai oi peiramatikèc timèc gia to f�sma [87] kai touc
rujmoÔc met�bashc ìpou autoÐ eÐnai diajèsimoi b�sei tou pÐnaka 4.9 gia to 162Dy.
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Sq ma 4.6: OmoÐwc me to sq ma 4.5, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc
gia to 238U apì th Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to
dunamikì Davidson.
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Sq ma 4.7: SÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc gia to 170Er apì th Qamil-
tonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì Kratzer (arister�),
gia touc axonik� summetrikoÔc epim keic pur nec [gia tic sqetikèc exis¸seic deÐte to ed�fio
(3.7)] b�sei twn paramètrwn tou pÐnaka 4.5 gia to 170Er kai twn rujm¸n met�bashc tou pÐnaka
4.11 epÐshc. Dexi� parousi�zontai oi peiramatikèc timèc gia to f�sma [87] kai touc rujmoÔc
met�bashc ìpou autoÐ eÐnai diajèsimoi b�sei tou pÐnaka 4.11 gia to 170Er.
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Sq ma 4.8: OmoÐwc me to sq ma 4.7, sÔgkrish energeiak¸n epipèdwn kai rujm¸n met�bashc
gia to 232Th apì th Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh gia to
dunamikì Kratzer.
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Sq ma 4.9: Energ� dunamik� Kratzer thc (3.93) thc Qamiltonian c Bohr me m�za exarthmènh
apì th paramìrfwsh gia L = 4 gia k�poia isìtopa tou Xe (a) kai tou Ba (b), ta opoÐa
antistoiqoÔn stic paramètrouc tou pÐnaka 4.4. Oi posìthtec pou deÐqnontai eÐnai adi�statec.
H exÐswsh Bþ.1 orÐzei th tetmhmènh kai eis�gei th par�metro A thc opoÐac oi arijmhtikèc
timèc lamb�nontai apì to pÐnaka Bþ.1.
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Sq ma 4.10: OmoÐwc, ex�rthsh twn energ¸n dunamik¸n Kratzer thc (3.93) me th par�metro
a (a) kai th troqiak  stroform  L (b). Oi posìthtec pou deÐqnontai eÐnai adi�statec. Ta
energ� dunamik� gia th kat�stash me L = 4 thc basik c z¸nhc tou 130Xe (antapokrinìmeno
stic paramètrouc tou pÐnaka 4.5), pou èqei sqediasteÐ kai sta dÔo mèrh, qrhsimopoieÐtai gia
th sÔgkrish. H exÐswsh Bþ.1 orÐzei th tetmhmènh kai eis�gei th par�metro A thc opoÐac oi
arijmhtikèc timèc lamb�nontai apì to pÐnaka Bþ.1.
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Sq ma 4.11: Energ� dunamik� Kratzer thc (3.93) thc L = 4 gia k�poia isìtopa tou Gd (a)
kai tou Dy (b), ta opoÐa antistoiqoÔn stic paramètrouc tou pÐnaka 4.5. Oi posìthtec pou
deÐqnontai eÐnai adi�statec. H exÐswsh Bþ.1 orÐzei th tetmhmènh kai eis�gei th par�metro A
thc opoÐac oi arijmhtikèc timèc lamb�nontai apì to pÐnaka Bþ.2.
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Sq ma 4.12: Energ� dunamik� Kratzer thc (3.93) thc L = 4 gia ta isìtona thc perioq c
N = 90, wc kal� paradeÐgmata thc summetrÐac krÐsimou shmeÐou X(5), ta opoÐa antapokrÐ-
nontai stic paramètrouc tou pÐnaka 4.5. Oi posìthtec pou deÐqnontai eÐnai adi�statec. H
exÐswsh Bþ.1 orÐzei th tetmhmènh kai eis�gei th par�metro A thc opoÐac oi arijmhtikèc timèc
lamb�nontai apì to pÐnaka Bþ.2.
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Sq ma 4.13: Ex�rthsh twn energ¸n dunamik¸n Kratzer thc (3.93) me th par�metro a (a)
kai th troqiak  stroform  L (b). Oi posìthtec pou deÐqnontai eÐnai adi�statec. Ta energ�
dunamik� gia th kat�stash me L = 4 thc basik c z¸nhc gia to 154Gd (antapokrinìmenec
stic timèc tou pÐnaka 4.5), sqediazìmena kai sta dÔo mèrh, qrhsimopoieÐtai wc b�sh gia th
sÔgkrish. H exÐswsh Bþ.1 orÐzei th tetmhmènh kai eis�gei th par�metro A thc opoÐac oi
arijmhtikèc timèc lamb�nontai apì to pÐnaka Bþ.2.
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PÐnakac 4.1: SÔgkrish twn jewrhtik¸n problèyewn thc astajoÔc wc proc γ Qamiltonian c
tou Bohr me m�za exarthmènh apì th paramìrfwsh gia to dunamikì Davidson (δ = λ = 0) me
ta peiramatik� dedomèna [87] gia tic sp�niec gaièc kai touc aktinÐdec meR4/2 ≤ 2.6 kai gnwstèc
tic katast�seic 0+

2 kai 2+
γ . Parousi�zontai oi lìgoi R4/2 = E(4+

1 )/E(2+
1 ), ìpwc epÐshc kai oi

qamhlìterec energeiak� katast�seic twn zwn¸n β kai γ (ta bandheads), kanonikopoihmènec
sth kat�stash 2+

1 kai taxinomoÔntai apì R0/2 = E(0+
β )/E(2+

1 ) kai R2/2 = E(2+
γ )/E(2+

1 )
antÐstoiqa. Oi par�metroi β0 kai a eÐnai eleÔjerec, sqetizìmenec me to dunamikì tou Davidson
kai me thn ex�rthsh thc m�zac apì th paramìrfwsh antÐstoiqa. Oi troqiakèc stroformèc
twn uyhlotèrwn epipèdwn thc basik c z¸nhc kaj¸c kai twn zwn¸n β kai γ, perilamb�nontai
sth prosarmog  (fit) mèswn tetrag¸nwn, taxinomoÔntai apì Lg, Lβ, kai Lγ antÐstoiqa, en¸
to n dhl¸nei to sunolikì arijmì twn energeiak¸n epipèdwn pou perilamb�nontai sto fit kai
σ eÐnai to mètro poiìthtac thc Ex. (4.3). DeÐte to ed�fio 4.2.1 gia perissìtera.

Pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 β0 a Lg Lβ Lγ n σ
exp th exp th exp th

98Ru 2.14 2.14 2.0 2.4 2.2 2.1 0.99 0.020 24 0 4 15 0.277
100Ru 2.27 2.24 2.1 2.7 2.5 2.2 1.19 0.048 28 0 4 17 0.315
102Ru 2.33 2.20 2.0 2.4 2.3 2.2 1.05 0.059 16 0 5 12 0.364
104Ru 2.48 2.34 2.8 3.0 2.5 2.3 1.40 0.083 8 2 8 12 0.429
102Pd 2.29 2.24 2.9 2.3 2.8 2.2 1.08 0.081 26 4 4 18 0.326
104Pd 2.38 2.21 2.4 2.6 2.4 2.2 1.15 0.034 18 2 4 13 0.397
106Pd 2.40 2.16 2.2 2.2 2.2 2.2 0.91 0.062 16 4 5 14 0.409
108Pd 2.42 2.26 2.4 2.3 2.1 2.3 1.09 0.103 14 4 4 12 0.318
110Pd 2.46 2.31 2.5 2.0 2.2 2.3 0.99 0.195 12 10 4 14 0.354
112Pd 2.53 2.29 2.6 2.5 2.1 2.3 1.21 0.086 6 0 3 5 0.485
114Pd 2.56 2.31 2.6 2.8 2.1 2.3 1.30 0.076 16 0 11 18 0.722
116Pd 2.58 2.36 3.3 3.4 2.2 2.4 1.52 0.062 16 0 9 16 0.609
106Cd 2.36 2.25 2.8 2.9 2.7 2.3 1.28 0.028 12 0 2 7 0.268
108Cd 2.38 2.14 2.7 2.2 2.5 2.1 0.91 0.041 24 0 5 16 0.528
110Cd 2.35 2.08 2.2 1.9 2.2 2.1 0.00 0.061 16 6 5 15 0.415
112Cd 2.29 2.05 2.0 1.9 2.1 2.0 0.00 0.033 12 8 11 20 0.523
114Cd 2.30 2.06 2.0 1.9 2.2 2.1 0.00 0.041 14 4 3 11 0.418
116Cd 2.38 2.16 2.5 2.7 2.4 2.2 1.14 0.000 14 2 3 10 0.387
118Cd 2.39 2.19 2.6 2.9 2.6 2.2 1.21 0.002 14 0 3 9 0.429
120Cd 2.38 2.20 2.7 2.9 2.6 2.2 1.22 0.006 16 0 2 9 0.412
118Xe 2.40 2.32 2.5 2.6 2.8 2.3 1.27 0.103 16 4 10 19 0.319
120Xe 2.47 2.36 2.8 3.4 2.7 2.4 1.51 0.063 26 4 9 23 0.524
122Xe 2.50 2.40 3.5 3.3 2.5 2.4 1.57 0.096 16 0 9 16 0.638
124Xe 2.48 2.36 3.6 3.5 2.4 2.4 1.55 0.051 20 2 11 21 0.554
126Xe 2.42 2.33 3.4 3.1 2.3 2.3 1.42 0.064 12 4 9 16 0.584
128Xe 2.33 2.27 3.6 3.5 2.2 2.3 1.42 0.000 10 2 7 12 0.431
130Xe 2.25 2.21 3.3 3.1 2.1 2.2 1.27 0.000 14 0 5 11 0.347
132Xe 2.16 2.00 2.8 2.0 1.9 2.0 0.00 0.000 6 0 5 7 0.467
134Xe 2.04 2.00 1.9 2.0 1.9 2.0 0.00 0.000 6 0 5 7 0.685
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PÐnakac 4.1: (Sunèqeia)

Pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 β0 a Lg Lβ Lγ n σ
exp th exp th exp th

130Ba 2.52 2.42 3.3 3.2 2.5 2.4 1.60 0.118 12 0 6 11 0.352
132Ba 2.43 2.29 3.2 2.8 2.2 2.3 1.29 0.059 14 0 8 14 0.619
134Ba 2.32 2.16 2.9 2.7 1.9 2.2 1.12 0.000 8 0 4 7 0.332
136Ba 2.28 2.00 1.9 2.0 1.9 2.0 0.00 0.000 6 0 2 4 0.250
142Ba 2.32 2.38 4.3 4.3 4.0 2.4 1.72 0.028 14 0 2 8 0.609
134Ce 2.56 2.34 3.7 3.9 2.4 2.3 1.59 0.019 34 2 8 25 0.527
136Ce 2.38 2.11 1.9 2.1 2.0 2.1 0.82 0.034 16 0 3 10 0.457
138Ce 2.32 2.00 1.9 2.0 1.9 2.0 0.00 0.000 14 0 2 8 0.314
140Nd 2.33 2.05 1.8 1.9 1.9 2.1 0.00 0.037 6 0 2 4 0.192
148Nd 2.49 2.36 3.0 2.8 4.1 2.4 1.38 0.110 12 8 4 13 0.764
140Sm 2.35 2.29 1.9 1.9 2.7 2.3 0.92 0.196 8 0 2 5 0.207
142Sm 2.33 2.06 1.9 1.9 2.2 2.1 0.33 0.044 8 0 2 5 0.147
142Gd 2.35 2.21 2.7 2.8 1.9 2.2 1.20 0.020 16 0 2 9 0.231
144Gd 2.35 2.33 2.5 2.5 2.5 2.3 1.26 0.112 6 0 2 4 0.124
152Gd 2.19 2.13 1.8 1.8 3.2 2.1 0.00 0.104 16 10 7 19 0.635
154Dy 2.23 2.15 2.0 2.0 3.1 2.1 0.75 0.083 26 10 7 24 0.530
156Er 2.32 2.25 2.7 2.8 2.7 2.3 1.24 0.043 20 4 5 16 0.450
186Pt 2.56 2.42 2.5 3.7 3.2 2.4 1.71 0.085 26 6 10 25 0.813
188Pt 2.53 2.37 3.0 3.3 2.3 2.4 1.52 0.076 16 2 4 12 0.637
190Pt 2.49 2.28 3.1 3.4 2.0 2.3 1.42 0.015 18 2 6 15 0.637
192Pt 2.48 2.34 3.8 3.7 1.9 2.3 1.56 0.032 10 0 8 12 0.681
194Pt 2.47 2.36 3.9 3.6 1.9 2.4 1.55 0.049 10 4 5 11 0.667
196Pt 2.47 2.33 3.2 2.9 1.9 2.3 1.37 0.079 10 2 6 11 0.639
198Pt 2.42 2.21 2.2 2.2 1.9 2.2 0.96 0.089 6 2 4 7 0.370
200Pt 2.35 2.00 2.4 2.0 1.8 2.0 0.00 0.000 4 0 4 5 0.392
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PÐnakac 4.2: 'Opwc kai ston PÐnaka 4.1, all� gia axonik� summetrikoÔc epim keic para-
morfwmènouc pur nec me to dunamikì Davidson, sth perioq  twn sp�niwn gai¸n kai twn
aktinÐdwn me R4/2 > 2.9 . Oi par�metroi β0, a, kai c eÐnai eleÔjerec kai sqetÐzontai me to
dunamikì Davidson , me thn ex�rthsh thc m�zac apì th paramìrfwsh kai me to dunamikì
wc proc γ [ExÐswsh (2.47)]. Oi jewrhtikèc problèyeic apokomÐzontai apì tic exis¸seic pou
anafèrontai sto ed�fio 4.2.2, me epiplèon ekten  suz thsh epÐ tou jèmatoc.

Pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 β0 c a Lg Lβ Lγ n σ
exp th exp th exp th

150Nd 2.93 3.13 5.2 7.9 8.2 5.8 0.0 2.1 0.003 14 6 4 13 2.012
152Sm 3.01 3.14 5.6 8.4 8.9 6.5 0.0 2.4 0.000 16 14 9 23 3.327
154Sm 3.25 3.27 13.4 13.0 17.6 18.6 1.30 6.9 0.021 16 6 7 17 0.515
154Gd 3.02 3.09 5.5 6.5 8.1 4.1 0.0 1.4 0.024 26 26 7 32 3.546
156Gd 3.24 3.25 11.8 10.8 13.0 14.3 0.0 5.3 0.026 26 12 16 34 0.933
158Gd 3.29 3.29 15.0 14.5 14.9 15.1 1.99 5.3 0.025 12 6 6 14 0.323
160Gd 3.30 3.30 17.6 17.3 13.1 13.2 2.38 4.5 0.020 16 4 8 17 0.125
162Gd 3.29 3.30 19.8 19.8 12.0 12.1 2.52 4.1 0.008 14 0 4 10 0.078
156Dy 2.93 3.13 4.9 7.4 6.5 5.3 0.0 1.9 0.014 28 10 13 31 1.789
158Dy 3.21 3.22 10.0 9.6 9.6 10.3 0.26 3.8 0.023 28 8 8 25 0.496
160Dy 3.27 3.27 14.7 14.7 11.1 12.1 1.92 4.3 0.005 28 4 23 38 0.510
162Dy 3.29 3.30 17.3 15.7 11.0 11.2 2.23 3.8 0.020 18 8 14 26 0.742
164Dy 3.30 3.30 22.6 22.5 10.4 10.2 2.68 3.4 0.000 20 0 10 19 0.100
166Dy 3.31 3.31 15.0 14.9 11.2 11.2 2.39 3.7 0.047 6 2 5 8 0.077
160Er 3.10 3.16 7.1 8.1 6.8 6.6 0.00 2.4 0.013 26 2 5 18 0.699
162Er 3.23 3.23 10.7 10.7 8.8 10.1 1.29 3.7 0.013 20 4 12 23 0.770
164Er 3.28 3.27 13.6 12.2 9.4 9.6 1.83 3.3 0.026 22 10 18 33 0.918
166Er 3.29 3.28 18.1 16.8 9.8 9.9 2.22 3.4 0.002 16 10 14 26 0.698
168Er 3.31 3.31 15.3 14.4 10.3 10.2 2.29 3.4 0.041 18 6 8 19 0.404
170Er 3.31 3.30 11.3 10.1 11.9 12.9 1.64 4.4 0.083 24 10 19 35 0.837
162Yb 2.92 3.07 3.6 6.8 4.8 4.0 0.00 1.4 0.003 24 0 4 15 1.036
164Yb 3.13 3.18 7.9 8.3 7.0 7.4 0.00 2.7 0.023 18 0 5 13 0.357
166Yb 3.23 3.23 10.2 8.9 9.1 9.7 0.66 3.5 0.038 24 10 13 29 0.973
168Yb 3.27 3.26 13.2 11.2 11.2 11.5 1.52 4.1 0.028 34 4 7 25 1.070
170Yb 3.29 3.27 12.7 11.2 13.6 14.1 1.36 5.1 0.035 20 10 17 31 0.963
172Yb 3.31 3.30 13.2 12.2 18.6 18.9 1.66 6.6 0.055 16 10 5 17 0.742
174Yb 3.31 3.31 19.4 19.3 21.4 21.5 2.44 7.5 0.019 20 4 5 16 0.104
176Yb 3.31 3.30 13.9 13.7 15.4 15.5 1.97 5.4 0.036 20 2 5 15 0.287
178Yb 3.31 3.27 15.7 15.5 14.5 14.6 1.88 5.3 0.000 6 4 2 6 0.127
166Hf 2.97 3.08 4.4 6.9 5.1 4.3 0.00 1.5 0.006 22 0 3 13 0.873
168Hf 3.11 3.17 7.6 8.1 7.1 6.9 0.00 2.5 0.023 22 4 4 16 0.494
170Hf 3.19 3.21 8.7 8.7 9.5 8.8 0.00 3.2 0.033 34 4 4 22 0.970
172Hf 3.25 3.24 9.2 9.8 11.3 11.7 0.00 4.3 0.031 38 4 6 26 0.549
174Hf 3.27 3.25 9.1 10.4 13.5 13.6 0.00 5.0 0.033 26 4 5 19 0.832
176Hf 3.28 3.28 13.0 11.5 15.2 16.1 1.31 5.8 0.038 18 10 8 21 0.950
178Hf 3.29 3.28 12.9 12.3 12.6 13.0 1.70 4.6 0.028 18 6 6 17 0.356
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PÐnakac 4.2: (Sunèqeia)

Pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 β0 c a Lg Lβ Lγ n σ
exp th exp th exp th

180Hf 3.31 3.30 11.8 11.5 12.9 13.0 1.92 4.4 0.068 12 4 5 12 0.157
176W 3.22 3.21 7.8 9.1 9.6 9.5 0.00 3.5 0.027 22 4 5 17 0.881
178W 3.24 3.22 9.4 8.6 10.5 8.9 0.00 3.2 0.039 18 10 2 15 0.987
180W 3.26 3.25 14.6 13.1 10.8 11.5 1.64 4.2 0.000 24 0 7 18 0.603
182W 3.29 3.29 11.3 11.5 12.2 12.5 1.77 4.3 0.050 18 4 6 16 0.195
184W 3.27 3.28 9.0 8.9 8.1 8.0 1.57 2.7 0.080 10 4 6 12 0.093
186W 3.23 3.25 7.2 7.2 6.0 6.3 1.20 2.1 0.099 14 4 6 14 0.130
176Os 2.93 3.10 4.5 6.9 6.4 4.6 0.00 1.6 0.016 24 6 5 19 1.747
178Os 3.02 3.12 4.9 7.2 6.6 5.1 0.00 1.8 0.017 16 6 5 15 1.836
180Os 3.09 3.22 5.6 7.1 6.6 6.9 0.00 2.4 0.078 10 6 7 14 1.021
184Os 3.20 3.21 8.7 9.9 7.9 8.5 1.21 3.1 0.011 22 0 6 16 0.886
186Os 3.17 3.19 7.7 7.0 5.6 6.0 0.00 2.1 0.063 14 10 13 24 0.702
188Os 3.08 3.15 7.0 7.2 4.1 4.4 1.07 1.5 0.033 12 2 7 13 0.170
190Os 2.93 3.07 4.9 5.6 3.0 3.1 0.00 1.0 0.051 10 2 6 11 0.419
228Ra 3.21 3.24 11.3 11.0 13.3 13.3 0.57 5.0 0.016 22 4 3 15 0.177
228Th 3.24 3.26 14.4 14.3 16.8 17.0 1.50 6.4 0.002 18 2 5 14 0.214
230Th 3.27 3.27 11.9 11.6 14.7 14.7 1.44 5.3 0.034 24 4 4 17 0.243
232Th 3.28 3.28 14.8 14.0 15.9 16.5 1.80 5.9 0.022 30 10 12 31 0.426
232U 3.29 3.29 14.5 13.8 18.2 18.4 1.74 6.6 0.028 20 10 4 18 0.394
234U 3.30 3.30 18.6 18.3 21.3 21.8 2.19 7.8 0.011 28 8 7 24 0.244
236U 3.30 3.30 20.3 20.0 21.2 21.2 2.38 7.5 0.009 30 4 5 21 0.143
238U 3.30 3.31 20.6 20.6 23.6 24.7 2.38 8.8 0.009 30 4 27 43 0.665
238Pu 3.31 3.31 21.4 21.4 23.3 23.3 2.61 8.1 0.016 26 2 4 17 0.067
240Pu 3.31 3.31 20.1 19.9 26.6 26.6 2.40 9.4 0.018 26 4 4 18 0.117
242Pu 3.31 3.31 21.5 21.4 24.7 24.7 2.52 8.7 0.012 26 2 2 15 0.107
248Cm 3.31 3.31 25.0 24.8 24.2 24.3 2.72 8.5 0.004 28 4 2 17 0.159
250Cf 3.32 3.31 27.0 26.9 24.2 24.2 2.88 8.4 0.003 8 2 4 8 0.053
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PÐnakac 4.3: Ta energeiak� epÐpeda thc basik c thc z¸nhc β1 kai thc γ1 twn 162Dy kai
238U, kanonikopoihmèna sthn enèrgeia thc E(2+

1 ) pou lamb�nontai apì th Qamiltonian  tou
Bohr me par�metro m�zac exarthmènh apì β gia axonik� summetrikoÔc pur nec sto dunamikì
Davidson. Oi par�metroi (a, β0, c) lamb�nontai apì to pÐnaka 4.2.

162Dy 162Dy 238U 238U 162Dy 162Dy 238U 238U
L exp th exp th L exp th exp th

gsb gsb gsb gsb γ1 γ1 γ1 γ1

0 0.00 0.00 0.00 0.00 2 11.0 11.2 23.6 24.7
2 1.00 1.00 1.00 1.00 3 11.9 12.1 24.6 25.5
4 3.29 3.30 3.30 3.31 4 13.2 13.3 25.9 26.7
6 6.80 6.80 6.84 6.86 5 14.7 14.7 27.4 28.1
8 11.41 11.41 11.54 11.57 6 16.4 16.5 29.2 29.8
10 17.04 17.01 17.27 17.33 7 18.5 18.5 31.2 31.7
12 23.57 23.49 23.97 24.06 8 20.7 20.8 33.5 33.9
14 30.90 30.74 31.51 31.63 9 23.3 23.3 36.0 36.3
16 38.90 38.70 39.82 39.97 10 25.9 26.0 38.8 39.0
18 47.58 47.28 48.78 48.98 11 29.0 28.9 41.7 41.9
20 58.31 58.61 12 31.4 32.1 44.9 45.0
22 68.31 68.77 13 35.5 35.5 48.3 48.3
24 78.71 79.44 14 39.4 39.9 51.9 51.8
26 89.46 90.55 15 55.7 55.5
28 100.57 102.08 16 59.7 59.4
30 112.10 113.99 17 63.9 63.4

18 68.2 67.7
β1 β1 β1 β1 19 72.7 72.0

0 17.3 15.7 20.6 20.6 20 77.3 76.6
2 18.0 16.7 21.5 21.6 21 82.1 81.3
4 19.5 19.0 23.5 24.0 22 87.0 86.1
6 21.9 22.6 23 91.9 91.0
8 24.6 27.4 24 97.0 96.1

25 102.1 101.3
26 107.4 106.6
27 112.7 112.0
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PÐnakac 4.4: SÔgkrish jewrhtik¸n problèyewn thc astajoÔc wc proc γ Qamiltonian c tou
Bohr me m�za exarthmènh apì to β ( δ = λ = 0) gia to dunamikì Kratzer me ta peirama-
tik� dedomèna [87] gia tic asp�niec gaièc kai tic aktinÐdec me R4/2 ≤ 2.6 kai gnwstèc tic
katast�seic 0+

2 kai 2+
γ . O lìgoc R4/2 = E(4+

1 )/E(2+
1 ), ìpwc epÐshc kai oi kat¸tatec ka-

tast�seic twn zwn¸n β kai γ, kanonikopoihmènec sth kat�stash 2+
1 ìpwc anafèrontai wc

R0/2 = E(0+
β )/E(2+

1 ) kai R2/2 = E(2+
γ )/E(2+

1 ) antÐstoiqa. Oi troqiakèc stroformèc twn
uyhlìterwn epipèdwn thc basik c z¸nhc, thc z¸nhc β kai thc z¸nhc γ pou perilamb�nontai
sth prosarmog  rms anafèrontai wc Lg, Lβ kai Lγ antÐstoiqa. To n upodeiknÔei to suno-
likì arijmì twn energeiak¸n epipèdwn pou perilamb�nontai sth prosarmog  kai σ eÐnai to
mètro poiìthtac thc Ex. (4.3). DeÐte to ed�fio 4.3.1 gia leptomerèsterh an�lush.

Pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 B̃ a Lg Lβ Lγ n σ
exp th exp th exp th

98Ru 2.14 2.34 2.0 2.0 2.2 2.3 38 0.0101 24 0 4 15 0.811
100Ru 2.27 2.40 2.1 2.1 2.5 2.4 64 0.0094 24 0 4 15 0.824
102Ru 2.33 2.35 2.0 2.0 2.3 2.3 41 0.0105 16 0 5 12 0.384
104Ru 2.48 2.39 2.8 3.1 2.5 2.4 60 0.0046 8 2 8 12 0.437
102Pd 2.29 2.42 2.9 2.4 2.8 2.4 81 0.0072 24 4 4 17 0.996
104Pd 2.38 2.35 2.4 2.4 2.4 2.3 41 0.0072 18 2 4 13 0.328
106Pd 2.40 2.33 2.2 2.3 2.2 2.3 36 0.0082 16 4 5 14 0.398
108Pd 2.42 2.38 2.4 2.5 2.1 2.4 55 0.0069 14 4 4 12 0.317
110Pd 2.46 2.43 2.5 2.7 2.2 2.4 100 0.0061 12 10 4 14 0.377
112Pd 2.53 2.32 2.6 2.6 2.1 2.3 33 0.0058 6 0 3 5 0.485
114Pd 2.56 2.40 2.6 2.6 2.1 2.4 65 0.0065 16 0 11 18 0.772
116Pd 2.58 2.42 3.3 3.3 2.2 2.4 83 0.0044 16 0 9 16 0.630
106Cd 2.36 2.33 2.8 2.8 2.7 2.3 36 0.0044 12 0 2 7 0.174
108Cd 2.38 2.34 2.7 2.7 2.5 2.3 39 0.0054 22 0 5 15 0.908
110Cd 2.35 2.29 2.2 1.9 2.2 2.3 28 0.0115 16 6 5 15 0.341
112Cd 2.29 2.23 2.0 1.7 2.1 2.2 20 0.0126 12 8 11 20 0.282
114Cd 2.30 2.25 2.0 1.7 2.2 2.2 22 0.0127 14 4 3 11 0.249
116Cd 2.38 2.27 2.5 2.8 2.4 2.3 25 0.0028 14 2 3 10 0.306
118Cd 2.39 2.29 2.6 2.6 2.6 2.3 28 0.0045 14 0 3 9 0.312
120Cd 2.38 2.31 2.7 2.7 2.6 2.3 32 0.0045 16 0 2 9 0.426
118Xe 2.40 2.41 2.5 2.8 2.8 2.4 77 0.0058 16 4 10 19 0.408
120Xe 2.47 2.45 2.8 3.0 2.7 2.4 133 0.0049 26 4 9 23 0.701
122Xe 2.50 2.45 3.5 3.5 2.5 2.4 131 0.0040 16 0 9 16 0.731
124Xe 2.48 2.43 3.6 3.7 2.4 2.4 93 0.0035 20 2 11 21 0.722
126Xe 2.42 2.39 3.4 3.4 2.3 2.4 60 0.0035 12 4 9 16 0.601
128Xe 2.33 2.31 3.6 3.7 2.2 2.3 32 0.0000 10 2 7 12 0.451
130Xe 2.25 2.30 3.3 3.3 2.1 2.3 29 0.0007 14 0 5 11 0.477
132Xe 2.16 2.03 2.8 2.0 1.9 2.0 9 0.0000 6 0 5 7 0.374
134Xe 2.04 1.87 1.9 1.6 1.9 1.9 5 0.0000 6 0 5 7 0.216
130Ba 2.52 2.45 3.3 3.3 2.5 2.4 140 0.0043 12 0 6 11 0.392
132Ba 2.43 2.37 3.2 3.2 2.2 2.4 50 0.0037 14 0 8 14 0.763
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PÐnakac 4.4: (sunèqeia)

pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 B̃ a Lg Lβ Lγ n σ
exp th exp th exp th

134Ba 2.32 2.20 2.9 2.8 1.9 2.2 18 0.0000 8 0 4 7 0.344
136Ba 2.28 2.00 1.9 1.9 1.9 2.0 8 0.0002 6 0 2 4 0.192
142Ba 2.32 2.41 4.3 4.3 4.0 2.4 79 0.0021 14 0 2 8 0.591
134Ce 2.56 2.42 3.7 3.9 2.4 2.4 88 0.0030 28 2 8 22 0.882
136Ce 2.38 2.28 1.9 1.9 2.0 2.3 27 0.0105 16 0 3 10 0.546
138Ce 2.32 2.13 1.9 1.9 1.9 2.1 13 0.0083 14 0 2 8 0.350
140Nd 2.33 2.09 1.8 1.8 1.9 2.1 11 0.0073 6 0 2 4 0.168
148Nd 2.49 2.42 3.0 3.3 4.1 2.4 90 0.0042 12 8 4 13 0.719
140Sm 2.35 2.36 1.9 1.9 2.7 2.4 44 0.0115 8 0 2 5 0.161
142Sm 2.33 2.16 1.9 1.9 2.2 2.2 15 0.0089 8 0 2 5 0.114
142Gd 2.35 2.33 2.7 2.6 1.9 2.3 35 0.0054 16 0 2 9 0.290
144Gd 2.35 2.35 2.5 2.5 2.5 2.3 41 0.0065 6 0 2 4 0.108
152Gd 2.19 2.34 1.8 1.9 3.2 2.3 40 0.0116 16 10 7 19 0.382
154Dy 2.23 2.40 2.0 1.7 3.1 2.4 67 0.0124 26 10 7 24 0.948
156Er 2.32 2.38 2.7 2.7 2.7 2.4 56 0.0062 20 4 5 16 0.357
186Pt 2.56 2.47 2.5 3.6 3.2 2.5 249 0.0035 26 6 10 25 0.791
188Pt 2.53 2.43 3.0 3.2 2.3 2.4 100 0.0047 16 2 4 12 0.455
190Pt 2.49 2.37 3.1 3.2 2.0 2.4 49 0.0038 18 2 6 15 0.538
192Pt 2.48 2.38 3.8 3.8 1.9 2.4 53 0.0021 10 0 8 12 0.698
194Pt 2.47 2.39 3.9 3.9 1.9 2.4 60 0.0023 10 4 5 11 0.688
196Pt 2.47 2.38 3.2 3.1 1.9 2.4 54 0.0043 10 2 6 11 0.676
198Pt 2.42 2.25 2.2 2.3 1.9 2.3 23 0.0059 6 2 4 7 0.372
200Pt 2.35 2.00 2.4 1.9 1.8 2.0 8 0.0000 4 0 4 5 0.342
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PÐnakac 4.5: SÔgkrish twn jewrhtik¸n problèyewn thc Qamitlonian c tou Bohr me m�za
exarthmènh apì to β (δ = λ = 0) gia to dunamikì tou Kratzer gia touc axonik� summetrikoÔc
epim keic pur nec me ta peiramatik� dedomèna [87] twn sp�niwn gai¸n kai twn aktinÐdwn me
R4/2 > 2.9 kai gnwstèc tic katast�seic 0+

2 kai 2+
γ . Oi lìgoi R4/2 = E(4+

1 )/E(2+
1 ), ìpwc

epÐshc kai oi kat¸tatec katast�seic twn zwn¸n β kai γ, kanonikopoihmènec sth kat�stash
2+

1 anaferìmenec wc R0/2 = E(0+
β )/E(2+

1 ) kai R2/2 = E(2+
γ )/E(2+

1 ) antÐstoiqa. Oi troqia-
kèc stroformèc twn uyhlotèrwn epipèdwn thc basik c z¸nhc, thc z¸nhc β kai thc γ pou
perilamb�nontai sth prosarmog  rms anafèrontai wc Lg, Lβ, kai Lγ antÐstoiqa. To n upo-
deiknÔei to sunolikì arijmì twn epipèdwn pou perilamb�nontai sth prosarmog  kai σ eÐnai
to mètro poiìthtac thc Ex. (4.3). DeÐte to ed�fio 4.3.2 gia peraitèrw suz thsh.

pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 B̃ c a Lg Lβ Lγ n σ
exp th exp th exp th

150Nd 2.93 3.17 5.2 6.1 8.2 8.5 31 3.3 0.0033 14 6 4 13 0.655
152Sm 3.01 3.22 5.6 5.5 8.9 10.0 48 3.8 0.0050 16 14 9 23 0.622
154Sm 3.25 3.29 13.4 13.6 17.6 18.6 144 6.8 0.0007 16 6 7 17 0.503
154Gd 3.02 3.23 5.5 5.3 8.1 8.4 62 3.0 0.0056 20 20 7 26 0.926
156Gd 3.24 3.29 11.8 11.3 13.0 13.7 159 4.8 0.0014 26 12 16 34 0.973
158Gd 3.29 3.30 15.0 14.8 14.9 15.2 202 5.3 0.0007 12 6 6 14 0.149
160Gd 3.30 3.31 17.6 17.6 13.1 13.0 287 4.4 0.0005 16 4 8 17 0.141
162Gd 3.29 3.31 19.8 19.9 12.0 11.9 261 4.0 0.0002 14 0 4 10 0.097
156Dy 2.93 3.21 4.9 5.1 6.5 6.6 51 2.3 0.0060 20 10 13 27 0.832
158Dy 3.21 3.27 10.0 9.9 9.6 10.1 113 3.5 0.0017 24 8 8 23 0.830
160Dy 3.27 3.29 14.7 14.7 11.1 11.4 176 3.9 0.0006 28 4 23 38 0.927
162Dy 3.29 3.30 17.3 15.5 11.0 11.0 247 3.7 0.0007 18 10 14 27 0.830
164Dy 3.30 3.31 22.6 22.9 10.4 10.2 281 3.4 0.0000 20 0 10 19 0.199
166Dy 3.31 3.30 15.0 15.0 11.2 11.2 214 3.8 0.0007 6 2 5 8 0.060
160Er 3.10 3.24 7.1 7.2 6.8 6.9 65 2.4 0.0031 22 2 5 16 0.874
162Er 3.23 3.27 10.7 10.6 8.8 9.7 100 3.4 0.0012 20 4 12 23 0.518
164Er 3.28 3.29 13.6 12.9 9.4 9.2 179 3.1 0.0010 22 10 19 34 0.915
166Er 3.29 3.29 18.1 17.6 9.8 10.0 167 3.4 0.0000 16 10 14 26 0.340
168Er 3.31 3.31 15.3 14.5 10.3 10.3 384 3.4 0.0010 18 6 8 19 0.274
170Er 3.31 3.32 11.3 9.9 11.9 12.4 491 4.1 0.0018 26 16 19 39 0.807
162Yb 2.92 3.18 3.6 3.6 4.8 5.0 40 1.7 0.0103 20 0 4 13 0.944
164Yb 3.13 3.24 7.9 7.9 7.0 7.2 72 2.5 0.0025 18 0 5 13 0.771
166Yb 3.23 3.28 10.2 9.6 9.1 8.9 138 3.0 0.0020 24 10 13 29 0.974
168Yb 3.27 3.29 13.2 13.0 11.2 11.3 160 3.9 0.0009 24 4 7 20 0.710
170Yb 3.29 3.29 12.7 11.1 13.6 14.0 172 4.9 0.0015 20 18 17 35 0.822
172Yb 3.31 3.31 13.2 12.7 18.6 18.8 246 6.6 0.0012 16 14 5 19 0.787
174Yb 3.31 3.32 19.4 19.1 21.4 21.5 398 7.4 0.0005 20 4 5 16 0.208
176Yb 3.31 3.31 13.9 13.5 15.4 15.5 296 5.3 0.0011 20 2 5 15 0.129
178Yb 3.31 3.31 15.7 15.6 14.5 14.6 254 5.0 0.0007 6 4 2 6 0.025
166Hf 2.97 3.19 4.4 4.4 5.1 5.3 44 1.8 0.0079 20 0 3 12 0.983
168Hf 3.11 3.25 7.6 7.6 7.1 7.6 80 2.6 0.0029 22 4 4 16 1.043
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PÐnakac 4.5: (sunèqeia)

pur nac R4/2 R4/2 R0/2 R0/2 R2/2 R2/2 B̃ c a Lg Lβ Lγ n σ
exp th exp th exp th

170Hf 3.19 3.27 8.7 8.8 9.5 10.0 99 3.5 0.0022 22 4 4 16 0.928
172Hf 3.25 3.29 9.2 9.0 11.3 11.6 150 4.0 0.0023 26 4 6 20 0.996
174Hf 3.27 3.29 9.1 7.7 13.5 13.9 154 4.9 0.0030 24 20 5 26 1.005
176Hf 3.28 3.30 13.0 12.3 15.2 15.9 190 5.6 0.0012 18 10 8 21 0.569
178Hf 3.29 3.29 12.9 12.9 12.6 13.0 172 4.5 0.0010 18 6 6 17 0.141
180Hf 3.31 3.31 11.8 11.6 12.9 12.8 350 4.3 0.0015 12 4 5 12 0.121
176W 3.22 3.27 7.8 7.3 9.6 10.3 104 3.6 0.0033 22 12 5 21 0.811
178W 3.24 3.27 9.4 8.9 10.5 10.5 97 3.7 0.0021 18 14 2 17 0.356
180W 3.26 3.28 14.6 14.6 10.8 11.4 118 4.0 0.0001 24 0 7 18 0.832
182W 3.29 3.31 11.3 11.5 12.2 12.4 256 4.2 0.0015 18 4 6 16 0.189
184W 3.27 3.29 9.0 9.1 8.1 8.1 164 2.7 0.0023 10 4 6 12 0.091
186W 3.23 3.29 7.2 7.5 6.0 6.1 148 2.0 0.0033 14 4 6 14 0.156
176Os 2.93 3.19 4.5 4.9 6.4 7.0 42 2.5 0.0063 18 6 5 16 0.984
178Os 3.02 3.20 4.9 5.2 6.6 7.2 42 2.6 0.0056 16 6 5 15 0.636
180Os 3.09 3.20 5.6 6.7 6.6 7.4 43 2.7 0.0030 14 4 7 15 0.911
184Os 3.20 3.26 8.7 8.7 7.9 8.4 91 2.9 0.0022 22 0 6 16 0.452
186Os 3.17 3.25 7.7 7.7 5.6 6.0 84 2.0 0.0029 14 10 13 24 0.249
188Os 3.08 3.21 7.0 7.3 4.1 4.3 50 1.4 0.0023 12 2 7 13 0.214
190Os 2.93 3.13 4.9 5.0 3.0 3.1 30 1.0 0.0054 10 2 6 11 0.230
228Ra 3.21 3.28 11.3 11.1 13.3 13.4 116 4.8 0.0012 22 4 3 15 0.706
228Th 3.24 3.28 14.4 14.2 16.8 17.1 120 6.3 0.0003 18 2 5 14 0.396
230Th 3.27 3.30 11.9 11.7 14.7 14.7 213 5.1 0.0014 24 4 4 17 0.625
232Th 3.28 3.31 14.8 14.5 15.9 16.0 268 5.5 0.0009 30 20 12 36 0.964
232U 3.29 3.30 14.5 14.8 18.2 18.2 234 6.4 0.0008 20 10 4 18 0.244
234U 3.30 3.31 18.6 19.1 21.3 21.4 307 7.5 0.0004 28 8 7 24 0.785
236U 3.30 3.31 20.3 19.8 21.2 21.3 354 7.4 0.0004 30 4 5 21 0.700
238U 3.30 3.31 20.6 20.2 23.6 24.4 378 8.5 0.0004 30 4 27 43 0.911
238Pu 3.31 3.32 21.4 21.5 23.3 23.3 498 8.0 0.0004 26 2 4 17 0.368
240Pu 3.31 3.32 20.1 19.6 26.6 26.7 452 9.3 0.0005 26 4 4 18 0.516
242Pu 3.31 3.32 21.5 20.8 24.7 24.8 422 8.6 0.0004 26 2 2 15 0.402
248Cm 3.31 3.32 25.0 24.3 24.2 24.2 429 8.4 0.0002 28 4 2 17 0.458
250Cf 3.32 3.31 27.0 27.0 24.2 24.1 375 8.4 0.0000 8 2 4 8 0.078
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PÐnakac 4.6: Kanonikopoihmèna [sthn enèrgeia thc pr¸thc diegermènhc kat�stashc, E(2+
1 )]

energeiak� epÐpeda thc basik c z¸nhc, twn zwn¸n β1 kai γ1 tou 170Er kai 232Th, apokomizìme-
na apì th Qamiltonian  tou Bohr me m�za exarthmènh apì to β gia to dunamikì Kratzer stouc
axonik� paramorfwmènouc pur nec qrhsimopoi¸ntac tic paramètrouc pou dÐnontai sto pÐnaka
4.5, sugkrinìmeno me ta peiramatik� dedomèna [87]. DeÐte to 4.3.2 gia peraitèrw suz thsh.

170Er 170Er 232Th 232Th 170Er 170Er 232Th 232Th 170Er 170Er 232Th 232Th
L exp th exp th exp th exp th L exp th exp th

gsb gsb gsb gsb β1 β1 β1 β1 γ1 γ1 γ1 γ1

0 0.00 0.00 0.00 0.00 11.3 9.9 14.8 14.5 2 11.9 12.4 15.9 16.0
2 1.00 1.00 1.00 1.00 12.2 10.8 15.7 15.4 3 12.9 13.3 16.8 16.9
4 3.31 3.32 3.28 3.31 14.0 13.0 17.7 17.5 4 14.3 14.6 18.0 18.0
6 6.88 6.92 6.75 6.86 17.2 16.3 20.7 20.7 5 15.7 16.1 19.5 19.5
8 11.64 11.75 11.28 11.56 21.3 20.8 24.8 24.9 6 17.8 18.0 21.3 21.2
10 17.51 17.73 16.75 17.31 26.5 26.4 29.8 30.1 7 19.8 20.2 23.2 23.2
12 24.41 24.79 23.03 23.95 32.5 33.0 35.5 36.1 8 22.6 22.6 25.5 25.5
14 32.28 32.82 30.04 31.35 39.1 40.5 42.1 42.8 9 25.0 25.4 27.8 28.0
16 41.04 41.73 37.65 39.35 46.2 48.8 49.4 50.1 10 28.3 28.4 30.6 30.7
18 50.62 51.39 45.84 47.82 57.4 57.8 11 31.1 31.6 33.2 33.6
20 60.91 61.70 55.52 56.61 65.8 65.8 12 35.8 35.1 36.5 36.7
22 72.20 72.55 63.69 65.60 13 39.1 38.9
24 83.80 83.82 73.32 74.67 14 43.7 42.8
26 95.82 95.42 83.38 83.73 15 47.2 47.0
28 93.82 92.69 16 52.6 51.4
30 104.56 101.49 17 56.2 55.9

18 62.2 60.6
19 66.2 65.5
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PÐnakac 4.7: Kanonikopoihmèna [sthn enèrgeia thc pr¸thc diegermènhc kat�stashc E(2+
1 )]

energeiak� epÐpeda thc basik c z¸nhc gsb, thc z¸nhc β1 kai thc γ1 twn isotìnwn me N = 90,
150Nd, 152Sm, 154Gd, kai 156Dy, apokomizìmena apì th Qamiltonian  tou Bohr me exarthmènh
m�za apì to β gia to dunamikì tou Kratzer gia axonik� summetrikoÔc epim keic pur nec,
qrhsimopoi¸ntac tic paramètrouc pou dÐnontai sto pÐnaka 4.5, sugkrinìmena me ta peiramatik�
dedomèna [87] kai me tic problèyeic thc summetrÐac krÐsimou shmeÐou X(5) [33, 86, 93]. To
kat¸tato epÐpedo thc z¸nhc γ1 sthn X(5), h opoÐa eÐnai mia eleÔjerh par�metroc, èqei tejeÐ
Ðsh me th mèsh tim  twn peiramatik¸n tim¸n. DeÐte to 4.3.2 gia peraitèrw suz thsh.

150 Nd 150 Nd 152 Sm 152 Sm 154 Gd 154 Gd 156 Dy 156 Dy X(5)
L exp th exp th exp th exp th

gsb
0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
4 2.93 3.17 3.01 3.22 3.02 3.23 2.93 3.21 2.90
6 5.53 6.18 5.80 6.40 5.83 6.49 5.59 6.39 5.43
8 8.68 9.64 9.24 10.24 9.30 10.48 8.82 10.20 8.48
10 12.28 13.24 13.21 14.43 13.30 14.92 12.52 14.35 12.03
12 16.27 16.72 17.64 18.70 17.75 19.56 16.59 18.58 16.04
14 20.60 19.95 22.47 22.87 22.57 24.18 20.96 22.68 20.51
16 27.61 26.81 27.66 28.63 25.57 26.55 25.44
18 33.21 32.83 30.33 30.11 30.80
20 38.86 36.71 35.27 33.34 36.61

β1

0 5.2 6.1 5.6 5.5 5.5 5.3 4.9 5.1 5.6
2 6.5 6.9 6.7 6.3 6.6 6.1 6.0 5.9 7.5
4 8.7 8.5 8.4 8.1 8.5 8.0 7.9 7.7 10.7
6 11.8 10.9 10.8 10.7 11.1 10.7 10.4 10.3 14.8
8 13.7 13.9 14.3 14.0 13.5 13.5 19.4
10 17.1 17.4 17.8 17.8 16.8 16.9 24.7
12 20.7 21.0 21.3 21.7 30.5
14 24.4 24.5 24.6 25.7 36.7
16 28.4 29.6 43.5
18 32.6 33.3 50.7
20 37.8 36.7 58.4

γ1

2 8.2 8.5 8.9 10.0 8.1 8.4 6.5 6.6 7.9
3 9.2 9.2 10.1 10.8 9.2 9.2 7.4 7.4 8.9
4 10.4 10.0 11.3 11.7 10.3 10.2 8.5 8.4 9.9
5 12.8 12.8 11.6 11.5 9.7 9.7 11.2
6 14.2 14.1 13.1 12.9 11.1 11.1 12.5
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PÐnakac 4.7: (sunèqeia)

150 Nd 150 Nd 152 Sm 152 Sm 154 Gd 154 Gd 156 Dy 156 Dy X(5)
L exp th exp th exp th exp th
γ1

7 16.0 15.5 14.7 14.5 12.5 12.6 14.0
8 17.6 17.0 14.2 14.3 15.6
9 19.5 18.6 15.9 16.0 17.4
10 17.8 17.8 19.2
11 19.7 19.7 21.2
12 21.8 21.5 23.3
13 23.8 23.3 25.4
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PÐnakac 4.8: SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia diafìrouc lìgouc
B(E2) twn astaj¸n wc proc γ pur nwn me tic problèyeic (k�tw gramm ) thc Qamiltonian c
tou Bohr me m�za exarthmènh apì to β (me δ = λ = 0) gia to dunamikì Davidson, gia tic
timèc twn paramètrwn pou deÐqnontai sto pÐnaka 4.4.

Pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

22→21

21→01

22→01

21→01

02→21

21→01

23→01

21→01

x 103 x 103

98Ru 1.44(25) 1.62(61) 36.0(152)
1.82 2.62 3.42 4.22 1.82 0.0 1.36 3.60

100Ru 1.45(13) 0.64(12) 41.1(52) 0.98(15)
1.72 2.40 3.07 3.73 1.72 0.0 1.05 10.89

102Ru 1.50(24) 0.62(7) 24.8(7) 0.80(14)
1.78 2.54 3.28 4.01 1.78 0.0 1.27 8.70

104Ru 1.18(28) 0.63(15) 35.0(84) 0.42(7)
1.63 2.18 2.71 3.21 1.63 0.0 0.79 22.41

102Pd 1.56(19) 0.46(9) 128.8(735)
1.76 2.49 3.19 3.87 1.76 0.0 1.22 12.34

104Pd 1.36(27) 0.61(8) 33.3(74)
1.74 2.45 3.15 3.85 1.74 0.0 1.11 8.13

106Pd 1.63(28) 0.98(12) 26.2(31) 0.67(18)
1.85 2.67 3.49 4.28 1.85 0.0 1.49 5.98

108Pd 1.47(20) 2.16(28) 2.99(48) 1.43(14) 16.6(18) 1.05(13) 1.90(29)
1.75 2.45 3.12 3.75 1.75 0.0 1.20 15.82

110Pd 1.71(34) 0.98(24) 14.1(22) 0.64(10)
1.76 2.43 3.01 3.51 1.76 0.0 1.31 26.24

106Cd 1.78(25) 0.43(12) 93.0(127)
1.68 2.32 2.95 3.58 1.68 0.0 0.92 10.44

108Cd 1.54(24) 0.64(20) 67.7(120)
1.85 2.69 3.52 4.35 1.85 0.0 1.49 4.06

110Cd 1.68(24) 1.09(19) 48.9(78) 9.85(595)
1.99 2.97 3.93 4.87 1.99 0.0 1.98 1.61

112Cd 2.02(22) 0.50(10) 19.9(35) 1.69(48) 11.26(210)
2.00 2.99 3.98 4.96 2.00 0.0 1.99 0.48

114Cd 1.99(25) 3.83(72) 2.73(97) 0.71(24) 15.4(29) 0.88(11) 10.61(193)
2.00 2.99 3.97 4.94 2.00 0.0 1.99 0.74

116Cd 1.70(52) 0.63(46) 32.8(86) 0.02
1.74 2.46 3.17 3.90 1.74 0.0 1.11 4.42

118Cd >1.85 0.16(4)
1.71 2.39 3.06 3.74 1.71 0.0 1.00 5.88

118Xe 1.11(7) 0.88(27) 0.49(20) >0.73
1.67 2.28 2.85 3.39 1.67 0.0 0.95 21.93

120Xe 1.16(14) 1.17(24) 0.96(22) 0.91(19)
1.60 2.11 2.60 3.08 1.60 0.0 0.67 21.51

122Xe 1.47(38) 0.89(26) >0.44
1.58 2.05 2.48 2.89 1.58 0.0 0.63 29.29
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PÐnakac 4.8: (Sunèqeia)

Pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

22→21

21→01

22→01

21→01

02→21

21→01

23→01

21→01

x 103 x 103

124Xe 1.34(24) 1.59(71) 0.63(29) 0.29(8) 0.70(19) 15.9(46)
1.59 2.09 2.57 3.04 1.59 0.0 0.63 20.14

128Xe 1.47(20) 1.94(26) 2.39(40) 2.74(114) 1.19(19) 15.9(23)
1.63 2.20 2.75 3.31 1.63 0.0 0.73 9.64

132Xe 1.24(18) 1.77(29) 3.4(7)
2.00 3.00 4.00 5.00 2.00 0.0 2.00 0.00

130Ba 1.36(6) 1.62(15) 1.55(56) 0.93(15)
1.56 2.01 2.41 2.77 1.56 0.0 0.61 34.54

132Ba 3.35(64) 90.7(177)
1.68 2.30 2.90 3.50 1.68 0.0 0.92 15.21

134Ba 1.55(21) 2.17(69) 12.5(41)
1.75 2.48 3.21 3.94 1.75 0.0 1.14 4.08

142Ba 1.40(17) 0.56(14)
1.55 2.00 2.41 2.82 1.55 0.0 0.49 18.60

148Nd 1.61(13) 1.76(19) 0.25(4) 9.3(17) 0.54(6) 32.82(816)
1.63 2.17 2.68 3.15 1.63 0.0 0.81 26.86

152Gd 1.84(29) 2.74(81) 0.23(4) 4.2(8) 2.47(78)
1.98 2.92 3.81 4.65 1.98 0.0 1.95 4.51

154Dy 1.62(35) 2.05(42) 2.27(62) 1.86(69)
1.91 2.79 3.64 4.46 1.91 0.0 1.70 5.41

156Er 1.78(16) 1.89(36) 0.76(20) 0.88(22)
1.70 2.35 3.00 3.64 1.70 0.0 0.98 11.50

192Pt 1.56(12) 1.23(55) 1.91(16) 9.5(9)
1.59 2.09 2.57 3.05 1.59 0.0 0.61 16.98

194Pt 1.73(13) 1.36(45) 1.02(30) 0.69(19) 1.81(25) 5.9(9) 0.01
1.59 2.09 2.57 3.04 1.59 0.0 0.63 19.78

196Pt 1.48(3) 1.80(23) 1.92(23) 0.4 0.07(4) 0.06(6)
1.64 2.21 2.75 3.28 1.64 0.0 0.82 20.83

198Pt 1.19(13) >1.78 1.16(23) 1.2(4) 0.81(22) 1.56(126)
1.82 2.60 3.36 4.08 1.82 0.0 1.41 10.09
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PÐnakac 4.9: SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia di�forouc lì-
gouc B(E2) axonik� summetrik¸n epimhk¸n pur nwn me tic problèyeic (k�tw gramm ) thc
Qamiltonian c tou Bohr me m�za exarthmènh apì to β (me δ = λ = 0) sto dunamikì Davidson,
gia tic timèc twn paramètrwn pou faÐnontai sto pÐnaka 4.2.

pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

2β→01

21→01

2β→21

21→01

2β→41

21→01

2γ→01

21→01

2γ→21

21→01

2γ→41

21→01

x 103 x 103 x 103 x 103 x 103 x 103

154Sm 1.40(5) 1.67(7) 1.83(11) 1.81(11) 5.4(13) 25(6) 18.4(34) 3.9(7)
1.47 1.69 1.87 2.06 26.7 50.0 150 47.5 69.6 3.7

156Gd 1.41(5) 1.58(6) 1.71(10) 1.68(9) 3.4(3) 18(2) 22(2) 25.0(15) 38.7(24) 4.1(3)
1.48 1.73 1.95 2.18 29.7 59.1 191 62.5 92.4 4.9

158Gd 1.46(5) 1.67(16) 1.72(16) 1.6(2) 0.4(1) 7.0(8) 17.2(20) 30.3(45) 1.4(2)
1.46 1.66 1.82 1.98 25.7 45.9 127 64.0 93.0 4.8

158Dy 1.45(10) 1.86(12) 1.86(38) 1.75(28) 12(3) 19(4) 66(16) 32.2(78) 103.8(258) 11.5(48)
1.50 1.78 2.04 2.31 30.5 65.4 232 88.5 131.7 7.1

160Dy 1.46(7) 1.23(7) 1.70(16) 1.69(9) 3.4(4) 8.5(10) 23.2(21) 43.8(42) 3.1(3)
1.46 1.68 1.85 2.03 22.9 43.5 133 78.6 114.5 6.0

162Dy 1.45(7) 1.51(10) 1.74(10) 1.76(13) 0.12(1) 0.20 0.02
1.45 1.65 1.80 1.95 23.9 42.4 116 89.8 129.8 6.7

164Dy 1.30(7) 1.56(7) 1.48(9) 1.69(9) 19.1(22) 38.3(39) 4.6(5)
1.44 1.62 1.75 1.86 16.9 29.1 77 99.7 143.4 7.3

162Er 8(7) 170(90) 32.5(28) 77.0(56) 9.4(69)
1.49 1.75 1.99 2.24 27.8 58.3 202 91.1 134.8 7.2

164Er 1.18(13) 1.57(9) 1.64(11) 23.9(35) 52.3(72) 7.8(12)
1.47 1.70 1.89 2.09 28.3 53.5 162 103.8 151.2 7.9

166Er 1.45(12) 1.62(22) 1.71(25) 1.73(23) 25.7(31) 45.3(54) 3.1(4)
1.46 1.66 1.81 1.96 20.7 38.2 111 100.0 144.8 7.4

168Er 1.54(7) 2.13(16) 1.69(11) 1.46(11) 23.2(15) 41.1(31) 3.0(3)
1.45 1.65 1.79 1.93 27.7 47.2 120 100.6 145.1 7.4

170Er 1.78(15) 1.54(11) 1.4(1) 0.2(2) 6.8(12) 17.7(9) 1.4(4)
1.47 1.69 1.86 2.03 39.2 67.9 177 78.6 114.2 5.9

166Yb 1.43(9) 1.53(10) 1.70(18) 1.61(80)
1.50 1.78 2.05 2.33 33.7 71.0 245 97.2 144.5 7.8

168Yb 8.6(9) 22.0(55) 45.9(73) 8.6
1.48 1.72 1.93 2.14 29.6 57.5 180 82.9 121.6 6.4

170Yb 1.79(16) 1.77(14) 5.4(10) 13.4(34) 23.9(57) 2.4(6)
1.47 1.71 1.91 2.12 30.6 58.2 176 66.2 97.1 5.1

172Yb 1.42(10) 1.51(14) 1.89(19) 1.77(11) 1.1(1) 3.7(6) 12(1) 6.3(6) 0.6(1)
1.46 1.67 1.83 1.99 32.2 55.9 147 51.6 75.0 3.9

174Yb 1.39(7) 1.84(26) 1.93(12) 1.67(12) 12.4(29)
1.45 1.63 1.75 1.86 20.9 35.1 88 45.0 64.9 3.3
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PÐnakac 4.9: (Sunèqeia)

Pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

2β→01

21→01

2β→21

21→01

2β→41

21→01

2γ→01

21→01

2γ→21

21→01

2γ→41

21→01

x 103 x 103 x 103 x 103 x 103 x 103

176Yb 1.49(15) 1.63(14) 1.65(28) 1.76(18) 9.8
1.46 1.66 1.82 1.97 27.9 49.0 132 63.1 91.6 4.7

174Hf 14(4) 9(3) 31.6(161) 48.7(124)
1.48 1.74 1.96 2.20 31.4 62.2 200 66.9 98.8 5.3

176Hf 5.4(11) 31(6) 21.3(26)
1.47 1.70 1.89 2.09 30.8 57.3 169 57.9 84.9 4.5

178Hf 1.38(9) 1.49(6) 1.62(7) 0.4(2) 2.4(9) 24.5(39) 27.7(28) 1.6(2)
1.47 1.69 1.88 2.07 28.4 53.1 158 73.8 107.8 5.6

180Hf 1.48(20) 1.41(15) 1.61(26) 1.55(10) 24.5(47) 32.9(56)
1.46 1.66 1.82 1.98 34.9 59.5 151 78.4 113.4 5.8

182W 1.43(8) 1.46(16) 1.53(14) 1.48(14) 6.6(6) 4.6(6) 13(1) 24.8(12) 49.2(24) 0.2
1.47 1.69 1.87 2.04 32.5 58.3 162 79.9 116.2 6.0

184W 1.35(12) 1.54(9) 2.00(18) 2.45(51) 1.8(3) 24(3) 37.1(28) 70.6(51) 4.0(4)
1.48 1.73 1.95 2.16 40.7 75.2 216 128.3 187.3 9.8

186W 1.30(9) 1.69(12) 1.60(12) 1.36(36) 41.7(92) 91.0(201)
1.51 1.80 2.07 2.34 46.2 91.9 289 165.7 244.5 12.9

186Os 1.45(7) 1.99(7) 1.89(11) 2.06(44) 109.4(71) 254.6(150) 13.0(47)
1.53 1.87 2.20 2.55 39.7 90.2 335 164.9 247.4 13.4

188Os 1.68(11) 1.75(11) 2.04(15) 2.38(32) 63.3(92) 202.5(304) 43.0(74)
1.54 1.89 2.25 2.63 33.9 83.9 344 229.8 345.2 18.7

230Th 1.36(8) 5.7(26) 20(11) 15.6(59) 28.1(100) 1.8(11)
1.47 1.70 1.90 2.09 30.0 56.4 168 63.6 93.2 4.9

232Th 1.44(15) 1.65(14) 1.73(12) 1.82(15) 14(6) 2.6(13) 17(8) 14.6(28) 36.4(56) 0.7
1.46 1.67 1.84 2.01 25.8 47.1 135 57.0 83.0 4.3

234U 12.5(27) 21.1(44) 1.2(3)
1.45 1.64 1.78 1.90 20.7 36.1 97 42.7 61.8 3.2

236U 1.42(11) 1.55(11) 1.59(17) 1.46(17)
1.45 1.63 1.76 1.87 19.3 33.2 87 44.7 64.5 3.3

238U 1.45(23) 1.71(22) 1.4(6) 3.6(14) 12(5) 10.8(8) 18.9(17) 1.2(1)
1.45 1.63 1.75 1.86 18.9 32.3 83 37.7 54.5 2.8

238Pu 14(4) 11(4)
1.44 1.62 1.73 1.84 19.1 31.7 78 41.6 59.9 3.0

250Cf 6.8(17) 10.9(25) 0.6(1)
1.44 1.61 1.72 1.81 15.0 24.9 61 40.0 57.5 2.9
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PÐnakac 4.10: SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia di�forouc
lìgouc B(E2) twn astaj¸n wc proc γ pur nwn me tic problèyeic (k�tw gramm ) apì th
Qamiltonian  tou Bohr me m�za exarthmènh apì to β (δ = λ = 0) gia to dunamikì Kratzer,
me timèc paramètrwn pou faÐnontai sto PÐnaka 4.4.

pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

22→21

21→01

22→01

21→01

02→21

21→01

23→01

21→01

x 103 x 103

98 Ru 1.44(25) 1.62(61) 36.0(152)
1.77 2.81 4.63 8.42 1.77 0.0 1.27 27.84

100 Ru 1.45(13) 0.64(12) 41.1(52) 0.98(15)
1.70 2.56 3.93 6.59 1.70 0.0 1.11 43.07

102 Ru 1.50(24) 0.62(7) 24.8(7) 0.80(14)
1.77 2.82 4.68 8.67 1.77 0.0 1.29 31.06

104 Ru 1.18(28) 0.63(15) 35.0(84) 0.42(7)
1.60 2.20 2.95 4.00 1.60 0.0 0.68 25.59

102 Pd 1.56(19) 0.46(9) 128.8(735)
1.63 2.31 3.25 4.77 1.63 0.0 0.87 41.64

104 Pd 1.36(27) 0.61(8) 33.3(74)
1.70 2.52 3.74 5.83 1.70 0.0 0.99 24.16

106 Pd 1.63(28) 0.98(12) 26.2(31) 0.67(18)
1.74 2.66 4.13 6.83 1.74 0.0 1.12 22.91

108 Pd 1.47(20) 2.16(28) 2.99(48) 1.43(14) 16.6(18) 1.05(13) 1.90(29)
1.66 2.38 3.42 5.11 1.66 0.0 0.89 30.31

110 Pd 1.71(34) 0.98(24) 14.1(22) 0.64(10)
1.60 2.18 2.94 4.06 1.60 0.0 0.75 42.18

106 Cd 1.78(25) 0.43(12) 93.0(127)
1.66 2.37 3.34 4.76 1.66 0.0 0.83 16.97

108 Cd 1.54(24) 0.64(20) 67.7(120)
1.67 2.40 3.43 5.01 1.67 0.0 0.87 19.88

110 Cd 1.68(24) 1.09(19) 48.9(78) 9.85(595)
1.85 3.14 5.63 11.54 1.85 0.0 1.52 20.99

112 Cd 2.02(22) 0.50(10) 19.9(35) 1.69(48) 11.26(210)
1.95 3.53 6.92 15.92 1.95 0.0 1.82 12.87

114 Cd 1.99(25) 3.83(72) 2.73(97) 0.71(24) 15.4(29) 0.88(11) 10.61(193)
1.93 3.46 6.72 15.44 1.93 0.0 1.77 15.44

116 Cd 1.70(52) 0.63(46) 32.8(86) 0.02
1.69 2.47 3.52 5.05 1.69 0.0 0.90 10.02

118 Cd >1.85 0.16(4)
1.70 2.51 3.65 5.41 1.70 0.0 0.95 13.14

118 Xe 1.11(7) 0.88(27) 0.49(20) >0.73
1.61 2.21 3.00 4.17 1.61 0.0 0.74 34.42

120 Xe 1.16(14) 1.17(24) 0.96(22) 0.91(19)
1.56 2.06 2.64 3.43 1.56 0.0 0.62 42.25

122 Xe 1.47(38) 0.89(26) >0.44
1.54 2.00 2.52 3.17 1.54 0.0 0.54 36.27
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PÐnakac 4.10: (sunèqeia)

pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

22→21

21→01

22→01

21→01

02→21

21→01

23→01

21→01

x 103 x 103

124 Xe 1.34(24) 1.59(71) 0.63(29) 0.29(8) 0.70(19) 15.9(46)
1.55 2.03 2.57 3.25 1.55 0.0 0.53 28.40

128 Xe 1.47(20) 1.94(26) 2.39(40) 2.74(114) 1.19(19) 15.9(23)
1.83 2.95 4.73 7.64 1.83 0.0 0.75 12.57

132 Xe 1.24(18) 1.77(29) 3.4(7)
2.78 7.13 17.89 43.35 2.78 0.0 2.49 0.07

130 Ba 1.36(6) 1.62(15) 1.55(56) 0.93(15)
1.54 2.01 2.54 3.22 1.54 0.0 0.56 39.43

132 Ba 3.35(64) 90.7(177)
1.61 2.20 2.94 3.95 1.61 0.0 0.66 20.59

134 Ba 1.55(21) 2.17(69) 12.5(41)
2.13 4.10 7.88 15.19 2.13 0.0 1.26 6.22

142 Ba 1.40(17) 0.56(14)
1.54 1.99 2.46 3.04 1.54 0.0 0.45 21.34

148 Nd 1.61(13) 1.76(19) 0.25(4) 9.3(17) 0.54(6) 32.82(816)
1.57 2.08 2.67 3.47 1.57 0.0 0.59 30.88

152 Gd 1.84(29) 2.74(81) 0.23(4) 4.2(8) 2.47(78)
1.80 2.96 5.14 10.30 1.80 0.0 1.41 32.70

154 Dy 1.62(35) 2.05(42) 2.27(62) 1.86(69)
1.78 2.89 5.06 10.73 1.78 0.0 1.46 58.09

156 Er 1.78(16) 1.89(36) 0.76(20) 0.88(22)
1.64 2.33 3.27 4.73 1.64 0.0 0.83 28.76

192 Pt 1.56(12) 1.23(55) 1.91(16) 9.5(9)
1.57 2.09 2.68 3.44 1.57 0.0 0.54 17.79

194 Pt 1.73(13) 1.36(45) 1.02(30) 0.69(19) 1.81(25) 5.9(9) 0.01
1.56 2.07 2.63 3.34 1.56 0.0 0.52 19.45

196 Pt 1.48(3) 1.80(23) 1.92(23) 0.4 0.07(4) 0.06(6)
1.61 2.21 2.97 4.04 1.61 0.0 0.69 23.11

198 Pt 1.19(13) >1.78 1.16(23) 1.2(4) 0.81(22) 1.56(126)
1.76 2.73 4.24 6.76 1.76 0.0 1.16 11.09
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PÐnakac 4.11: SÔgkrish twn peiramatik¸n dedomènwn [87] (p�nw gramm ) gia di�forouc
lìgouc B(E2) twn axonik� summetrik¸n epim kwn pur nwn me tic problèyeic (k�tw gramm )
thc Qamiltonian c tou Bohr me m�za exarthmènh apì to β (δ = λ = 0) gia to dunamikì
tou Kratzer, gia tic timèc twn paramètrwn pou faÐnontai sto pÐnaka 4.5. Prokeimènou na
dieukolunjoÔn oi sugkrÐseic gia ta isìtona thc perioq c N = 90, 150Nd, 152Sm, 154Gd, kai
156Dy, me tic problèyeic thc summetrÐac krÐsimou shmeÐou X(5) [33, 86, 93], oi sqetikèc
problèyeic anafèrontai sth pr¸th gramm  tou pÐnaka , me tic metab�seic γ1 → gsb na eÐnai
kanonikopoihmènec wc proc th met�bash 2γ → 01, thn opoÐa exis¸noume me 100, kont� sth
mèsh tim  gia ta pr¸ta trÐa isìtona thc N = 90. DeÐte to 4.4.2 gia peraitèrw suz thsh.

pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

2β→01

21→01

2β→21

21→01

2β→41

21→01

2γ→01

21→01

2γ→21

21→01

2γ→41

21→01

x 103 x 103 x 103 x 103 x 103 x 103

X(5) 1.60 1.98 2.28 2.51 21.2 82.2 366 100.0 150.0 7.8
150 Nd 1.52(4) 1.84(14) 2.05(13) 4.4(8) 61.7(98) 174(55) 26.1(22) 49.6(26) 14.8(98)

1.55 1.98 2.55 3.40 36.4 93.5 443 95.9 150.0 9.0
152 Sm 1.45(5) 1.70(7) 1.98(14) 2.22(25) 6.4(7) 38.2(43) 132(15) 25.1(17) 64.6(48) 5.4(5)

1.55 1.98 2.58 3.53 49.1 113.4 475 84.0 130.9 7.8
154 Sm 1.40(5) 1.67(7) 1.83(11) 1.81(11) 5.4(13) 25(6) 18.4(34) 3.9(7)

1.46 1.67 1.86 2.05 24.7 45.7 136 47.8 69.9 3.7
154 Gd 1.56(7) 1.82(11) 1.99(12) 2.29(27) 5.5(5) 42.7(41) 125(11) 36.3(34) 78.3(69) 11.0(10)

1.55 1.98 2.57 3.54 55.4 122.5 486 114.7 175.6 10.1
156 Gd 1.41(5) 1.58(6) 1.71(10) 1.68(9) 3.4(3) 18(2) 22(2) 25.0(15) 38.7(24) 4.1(3)

1.47 1.69 1.90 2.13 30.8 56.5 166 70.7 103.3 5.4
158 Gd 1.46(5) 1.67(16) 1.72(16) 1.6(2) 0.4(1) 7.0(8) 17.2(20) 30.3(45) 1.4(2)

1.45 1.66 1.82 1.98 24.1 42.8 119 63.9 92.6 4.8
156 Dy 1.75(14) 1.34(12) 1.94(13) 2.45(21) 48.2(35) 63.0(78) 84.4(141)

1.56 2.03 2.70 3.83 53.2 124.3 531 151.8 232.6 13.4
158 Dy 1.45(10) 1.86(12) 1.86(38) 1.75(28) 12(3) 19(4) 66(16) 32.2(78) 103.8(258) 11.5(48)

1.48 1.73 1.98 2.28 32.5 63.0 202 97.9 143.6 7.6
160 Dy 1.46(7) 1.23(7) 1.70(16) 1.69(9) 3.4(4) 8.5(10) 23.2(21) 43.8(42) 3.1(3)

1.46 1.66 1.83 2.00 23.5 42.5 122 87.4 126.6 6.5
162 Dy 1.45(7) 1.51(10) 1.74(10) 1.76(13) 0.12(1) 0.20 0.02

1.45 1.65 1.80 1.95 23.7 41.4 112 92.3 133.2 6.8
164 Dy 1.30(7) 1.56(7) 1.48(9) 1.69(9) 19.1(22) 38.3(39) 4.6(5)

1.45 1.64 1.79 1.93 23.6 40.6 107 100.4 144.7 7.4
162 Er 8(7) 170(90) 32.5(28) 77.0(56) 9.4(69)

1.48 1.73 1.97 2.25 28.9 57.1 189 100.4 147.1 7.8
164 Er 1.18(13) 1.57(9) 1.64(11) 23.9(35) 52.3(72) 7.8(12)

1.46 1.67 1.86 2.05 27.0 49.0 141 110.5 160.2 8.2
166 Er 1.45(12) 1.62(22) 1.71(25) 1.73(23) 25.7(31) 45.3(54) 3.1(4)

1.48 1.74 2.00 2.31 21.2 39.2 117
168 Er 1.54(7) 2.13(16) 1.69(11) 1.46(11) 23.2(15) 41.1(31) 3.0(3)

1.45 1.64 1.78 1.92 27.6 46.2 116 100.6 144.9 7.4
170 Er 1.78(15) 1.54(11) 1.4(1) 0.2(2) 6.8(12) 17.7(9) 1.4(4)

1.46 1.66 1.83 2.01 42.8 70.7 173 84.6 122.2 6.3
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PÐnakac 4.11: (sunèqeia)

pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

2β→01

21→01

2β→21

21→01

2β→41

21→01

2γ→01

21→01

2γ→21

21→01

2γ→41

21→01

x 103 x 103 x 103 x 103 x 103 x 103

166 Yb 1.43(9) 1.53(10) 1.70(18) 1.61(80)
1.48 1.73 1.97 2.27 35.4 66.7 206 115.2 168.2 8.8

168 Yb 8.6(9) 22.0(55) 45.9(73) 8.6
1.46 1.68 1.86 2.06 26.3 48.2 142 87.6 127.2 6.6

170 Yb 1.79(16) 1.77(14) 5.4(10) 13.4(34) 23.9(57) 2.4(6)
1.47 1.69 1.90 2.13 31.9 58.0 168 69.4 101.3 5.3

172 Yb 1.42(10) 1.51(14) 1.89(19) 1.77(11) 1.1(1) 3.7(6) 12(1) 6.3(6) 0.6(1)
1.46 1.66 1.83 2.01 29.6 51.6 139 51.0 74.2 3.8

174 Yb 1.39(7) 1.84(26) 1.93(12) 1.67(12) 12.4(29)
1.44 1.62 1.74 1.86 20.6 34.3 85 45.7 65.8 3.4

176 Yb 1.49(15) 1.63(14) 1.65(28) 1.76(18) 9.8
1.45 1.65 1.81 1.97 28.6 49.0 128 64.5 93.4 4.8

174 Hf 14(4) 9(3) 31.6(161) 48.7(124)
1.49 1.76 2.05 2.42 47.1 87.5 264 69.7 102.9 5.5

176 Hf 5.4(11) 31(6) 21.3(26)
1.46 1.68 1.86 2.06 29.1 52.2 148 60.3 87.8 4.6

178 Hf 1.38(9) 1.49(6) 1.62(7) 0.4(2) 2.4(9) 24.5(39) 27.7(28) 1.6(2)
1.46 1.68 1.86 2.06 27.1 49.2 142 75.7 110.0 5.7

180 Hf 1.48(20) 1.41(15) 1.61(26) 1.55(10) 24.5(47) 32.9(56)
1.46 1.66 1.83 2.00 34.6 58.6 150 80.3 116.0 6.0

182 W 1.43(8) 1.46(16) 1.53(14) 1.48(14) 6.6(6) 4.6(6) 13(1) 24.8(12) 49.2(24) 0.2
1.46 1.67 1.85 2.05 33.0 57.5 155 82.0 118.9 6.1

184 W 1.35(12) 1.54(9) 2.00(18) 2.45(51) 1.8(3) 24(3) 37.1(28) 70.6(51) 4.0(4)
1.48 1.73 1.97 2.27 38.9 71.8 214 128.4 187.1 9.8

186 W 1.30(9) 1.69(12) 1.60(12) 1.36(36) 41.7(92) 91.0(201)
1.49 1.77 2.08 2.48 47.3 89.1 275 174.0 254.4 13.3

186 Os 1.45(7) 1.99(7) 1.89(11) 2.06(44) 109.4(71) 254.6(150) 13.0(47)
1.50 1.81 2.16 2.63 39.2 81.0 288 173.5 255.9 13.6

188 Os 1.68(11) 1.75(11) 2.04(15) 2.38(32) 63.3(92) 202.5(304) 43.0(74)
1.52 1.87 2.29 2.87 33.6 78.5 330 246.6 366.2 19.7

230 Th 1.36(8) 5.7(26) 20(11) 15.6(59) 28.1(100) 1.8(11)
1.46 1.68 1.86 2.07 31.4 55.6 155 66.9 97.3 5.1

232 Th 1.44(15) 1.65(14) 1.73(12) 1.82(15) 14(6) 2.6(13) 17(8) 14.6(28) 36.4(56) 0.7
1.45 1.65 1.80 1.96 26.0 44.9 119 61.9 89.6 4.6

234 U 12.5(27) 21.1(44) 1.2(3)
1.45 1.63 1.76 1.88 19.9 33.8 87 44.7 64.5 3.3

236 U 1.42(11) 1.55(11) 1.59(17) 1.46(17)
1.44 1.62 1.75 1.86 19.5 32.7 82 45.5 65.6 3.3

238 U 1.45(23) 1.71(22) 1.4(6) 3.6(14) 12(5) 10.8(8) 18.9(17) 1.2(1)
1.44 1.62 1.74 1.85 19.3 32.3 80 39.4 56.8 2.9



100 KEF�ALAIO 4. H FAINOMENOLOG�IA

PÐnakac 4.11: (sunèqeia)

pur nac 41→21

21→01

61→41

21→01

81→61

21→01

101→81

21→01

2β→01

21→01

2β→21

21→01

2β→41

21→01

2γ→01

21→01

2γ→21

21→01

2γ→41

21→01

x 103 x 103 x 103 x 103 x 103 x 103

238 Pu 14(4) 11(4)
1.44 1.61 1.73 1.82 18.8 30.8 74 42.2 60.7 3.1

250 Cf 6.8(17) 10.9(25) 0.6(1)
1.45 1.65 1.80 1.96 15.5 26.1 66



Kef�laio 5

Ropèc adraneÐac kai h sqèsh me to
IBM

Apì ta pr¸ta qrìnia thc Qamiltonian c Bohr  tan gnwst  h fainomenologik� problhmatik 
sumperifor� twn rop¸n adraneÐac se sqèsh me th paramìrfwsh [7]. H susthmatik  melèth
thc Scharff-Goldhaber [20] epibebaÐwse thn asumfwnÐa me to peÐrama gia th sqèsh metaxÔ twn
rop¸n adraneÐac J kai thc eswterik c tetrapolik c rop c (intrinsic quadrupole moment)
Q0 , J ∝ Q2

0 , ìpwc problèpetai sto prìtupo Bohr mèsw thc ex�rths c touc me thn axonik 
paramìrfwsh β. H udrodunamik  èkfrash gia thn ex�rthsh kat� β2 twn rop¸n adraneÐac
eÐnai sÐgoura asÔmbath me to peÐrama. Oi ropèc adraneÐac ekdhl¸noun mia pio mètria aÔxhsh
wc proc β kai eÐnai axioshmeÐwta megalÔterec apì ìti sth prìbleyh thc mh peristrefìmenhc
ro c [19].

Apì thn Ex. (3.22) eÐnai xek�jaro ìti sth Qamiltonian  Bohr me m�za exarthmènh apì
th paramìrfwsh oi ropèc adraneÐac den eÐnai an�logec tou β2 sin2 (γ − 2πk/3) all� tou
(β2/f 2(β)) sin2 (γ − 2πk/3). Me f(β) = 1 + aβ2, h sun�rthsh β2/f 2(β) eikonÐzetai sto
sq ma 5.1 gia diaforetikèc timèc thc paramètrou a. Parìmoia sumperifor� dÐnei kai h f(β) =
1 + aβ. EÐnai xek�jaro ìti h aÔxhsh twn rop¸n adraneÐac kajustereÐtai apì th sun�rthsh
f(β), ìpwc anamènetai apì ta peiramatik� dedomèna [19].

H epÐdrash thc ex�rthshc thc m�zac apì th paramìrfwsh mporeÐ na idwjeÐ kai sto sq ma
5.2, ìpou parousi�zontai oi ropèc adraneÐac gia tic katast�seic thc basik c z¸nhc [19]

Θ(L) =
2L− 1

E(L)− E(L− 2)
, (5.1)

kanonikopoihmènec sth Θ(2), gia axonik� summetrikoÔc epim keic pur nec, gia tic sugkekrimè-
nec timèc twn β0 = 2 kai c = 5, kai di�forec timèc thc a. EÐnai plèon profanèc ìti h apìtomh
aÔxhsh twn rop¸n adraneÐac me th stroform  L, kajustereÐtai bajmiaÐa apì auxanìmenec
timèc thc a.

5.1 Ta did�gmata apì touc Quesne-Tkachuk

Apì th [2]  tan  dh gnwstì ìti h exÐswsh Schrodinger me genikeumènouc telestèc thc
orm c, ìpwc h (3.10), anaparagìtan p�li gia prìblhma se kampÔlo q¸ro. Autì od ghse

101
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Sq ma 5.1: H sun�rthsh β2

f2(β)
= β2

(1+aβ2)2 , sthn opoÐa eÐnai an�logec oi ropèc adraneÐac, wc
proc th β, gia di�forec timèc thc a

.

touc Quesne kai Tkachuk na proteÐnoun thn isodunamÐa

f 2(x) =
1

M(x)
=

1

g(x)
, (5.2)

me g(x) na eÐnai mia diag¸nia m tra se katresianèc suntetagmènec. Gia thn akrÐbeia, èdeixan
ìti all�zontac ta stoiqeÐa g thc metrik c tou tridi�statou EukleÐdiou q¸rou wc g/f 2 kai
krat¸ntac stajer  th par�metro m�zac, h exÐswsh (3.10) anapar�getai xan� gia kumatosu-
nart seic f 3/2Ψ. H plhrìthta tou q¸rou Hilbert epib�llei thn allag  tou stoiqeÐou m kouc
kat� dV/f 3 [2].

Wstìso an h èkfrash g/f 2 genikeuìtan kai gia ta mh diag¸nia stoiqeÐa miac ìqi anagka-
stik� diag¸niac metrik c ja grafìtan

gij
f 2
, (5.3)

dÐnontac th shmasÐa tou par�gonta summorfopoÐhshc (conformal factor) sth posìthta 1/f 2.
Sto Par�rthma Aþ.2 apodeiknÔetai ìti h genÐkeush aut  eÐnai sumbat  me to formalismì thc
m�zac exarthmènhc apì th jèsh. H sumbatìthta exasfalÐzetai mèsa apì tic paramètrouc
Von Roos. Me �lla lìgia, h antikat�stash δ = n

2
, κ = 2−n, λ = n

2
, ìpou n h di�stash

tou q¸rou, isodunameÐ me exÐswsh Schrodinger se gewmetrÐa n diast�sewn me par�gonta
summorfopoÐhshc 1/f 2 kai kumatosunart seic pollaplasiasmènec me fn/2. H anagkaiìthta
tou pollaplasiasmoÔ twn kumatosunart sewn me to par�gonta fn/2 eÐnai kajar� algebrik 
prokeimènou na anaparaqjeÐ exÐswsh Schrodinger me m�za exarthmènh apì th jèsh sto for-
malismì twn Quesne kai Tkachuk, o opoÐoc exasfalÐzei thn akrib  epilusimìtht� thc me thn
upersummetrik  kbantomhqanik .

Eidikìtera gia tic 5 diast�seic thc Qamiltonian c Bohr, o sÔmmorfoc metasqhmatismìc
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Sq ma 5.2: Oi ropèc adraneÐac J(L) gia th basik  z¸nh, kanonikopoihmènh wc proc th J(2)
gia β0 = 2,c = 5 kai di�forec timèc thc a.

thc metrik c isodunameÐ me thn akìloujh antikat�stash twn paramètrwn tou Von Roos

δ =
5

2
, κ = 2− 5, λ =

5

2
. (5.4)

5.2 Enswm�twsh se èxi diast�seic

Apì th doulei� tou Rowe [44],  tan  dh gnwstì ìti h metrik  tou Bohr orÐzei èna q¸ro
pènte diast�sewn me gewmetrÐa Riemmann. O q¸roc Bohr genn�tai apì to stoiqeÐo m kouc

ds2 = gijdq
idqj, (5.5)

me q1 = β, q2 = γ, q3 = Θ, q4 = Φ, q5 = ψ. Autèc oi suntetagmènec trèqoun ton
pentadi�stato q¸ro R5. OrÐzetai [44] apì to tanustikì ginìmeno thc aktinik c gramm c R+,
h opoÐa anaparist� thn olìthta twn tim¸n tou β, kai thc monadiaÐac aktÐnac sfaÐrac tess�rwn
gwni¸n S4, h opoÐa anaparist� thn olìthta twn tim¸n thc gwnÐac γ kai twn tri¸n gwni¸n
Euler Θ,Φ, ψ. Dhlad  R5 ∼ R+ × S4. Se ì,ti akoloujeÐ, ja qrhsimopoihjeÐ o sumbolismìc
(β,Ω4) gia tic suntetagmènec Bohr qi, me Ω4 na anaparist� tic tèssereic gwnÐec.

An to dΩ4 eÐnai to stoiqeÐo m kouc thc S4, tìte mia sumbat  morf  tou stoiqeÐou m kouc
tou R5 me ton orismì tou R5 ∼ R+ × S4 eÐnai

ds2 = dβ2 + β2dΩ2
4. (5.6)

To dΩ4 ìntac to stoiqeÐo m kouc thc S4, mporeÐ na p�rei di�forec morfèc wc proc thn
epilog  tou gwniakoÔ mèrouc twn Jk (2.21), antanakl¸ntac en mèrei touc epilegìmenouc
desmoÔc stic gwnÐec Ω4 pou gennoÔn ta sq mata twn paramorfwmènwn atomik¸n pur nwn.
Apì thn �llh, h upèrmetrh aÔxhsh twn rop¸n adraneÐac prokaleÐtai apì to β2, to opoÐo
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eÐnai to aktinikì mèroc ìlwn twn Jk (2.21). H plhroforÐa aut  surrikn¸netai sto stoiqeÐo
m kouc (5.6), o deÔteroc ìroc tou deÐqnei ìti sth gewmetrÐa tou Bohr to β2 pollaplasi�zei
ìla ta stoiqeÐa thc m trac tou Bohr pou anafèrontai stic gwnÐec. H laplasian  (2.16)
tou stoiqeÐou (5.6) par�gei th Qamiltonian  tou Bohr me th problhmatik  sumperifor� twn
rop¸n adraneÐac. H morf  (5.6) uponoeÐ ìti to aÐtio thc aktinik c ex�rthshc twn rop¸n
adraneÐac mèsw tou β2, eÐnai h gewmetrÐa tou Bohr.

Kat� ta prohgoÔmena, h metrik  Bohr dèqetai sÔmmorfo metasqhmatismì me par�gonta
summorfopoÐhshc th sun�rthsh f(β) = 1 + aβ2,

gij → g̃ij =
1

(1 + aβ2)2
gij, (5.7)

pou exart�tai apì th metablht  β kai th par�metro a. To stoiqeÐo m kouc ds ephre�zetai
apì to par�gonta summorfopoÐhshc (conformal factor) kai dÐnei èna dl me

dl2 =
1

(1 + aβ2)2
(dβ2 + β2dΩ2

4). (5.8)

Tètoiec morfèc stoiqeÐwn m kouc up�rqoun se kosmologik� montèla ìpwc ekeÐno twn Robertson-
Walker, gia th perigraf  summorfopoihmèna epÐpedwn (conformally flat) q¸rwn. Par�gontai
apì th probol  miac upèr-sfaÐrac sto epÐpedo, ìpwc mporeÐ na brejeÐ se èna tupikì sÔggrama
thc genik c jewrÐac thc sqetikìthtac [42]. San mia formalistik  antistoiqÐa me th gewme-
trÐa twn Robertson-Walker epilèxte èna sÔsthma suntetagmènwn pènte gwni¸n (χ,Ω4), me
χ = χ(β), to Ω4 na eÐnai to Ðdio ìpwc kai sto q¸ro Bohr. H olìthta twn tim¸n twn pènte
gwni¸n (χ,Ω4) se mia koin  aktÐna R, orÐzei th sfaÐra pènte gwni¸n S5 me stoiqeÐo m kouc

dl2 = R2(dχ2 + sin2 χdΩ2
4). (5.9)

'Enac kat�llhloc metasqhmatismìc metaxÔ thc gwnÐac χ kai thc aktinik c metablht c β ¸ste
na paraqjeÐ to stoiqeÐo m kouc thc exÐswshc (5.8) brÐsketai kat� ta prìtupa twn gnwst¸n
upologism¸n se gewmetrÐec Robertson-Walker [42]. Epilègontac

R =
1√
4a
, sinχ = β̃

√
4a, (5.10)

tìte

dl2 =
dβ̃2

1− 4aβ̃2
+ β̃2dΩ2

4. (5.11)

O orismìc thc aktinik c metablht c β apì th sqèsh

β̃ =
β

1 + aβ2
, (5.12)

dÐnei to stoiqeÐo m kouc (5.8). H diereÔnhsh twn tim¸n thc β̃ sthn exÐswsh (5.12) gia oriakèc
timèc thc β, diafwtÐzei th gewmetrÐa. Gia β = 0, h β̃ eÐnai mhdèn kai gia β → ∞, h β̃ p�ei
sto mhdèn. H arq  kai to tèloc thc β̃ gia thn olìthta twn tim¸n tou β eÐnai to Ðdio shmeÐo.
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H gwnÐa χ gewmetropoieÐ autì to kuklikì qarakthristikì thc β̃, me to di�sthma twn tim¸n
thc na eÐnai 0 ≤ χ ≤ π.

H S5 zei se ènan 5 + 1-di�stato EukleÐdio q¸ro. Se suntetagmènec qu, (u=0,...,5), h S5

aktÐnac 1√
4a

orÐzei èna sÔnoro se èxi diast�seic , to opoÐo anaparÐstatai apì thn exÐswsh

(q0)2 +
5∑

u=1

ququ =
1

4a
. (5.13)

T¸ra, h stereografik  probol  apì to bìreio pìlo thc sfaÐrac S5 sto efaptìmeno e-
pÐpedo eÐnai isodÔnamh me to sÔmmorfo metasqhmatismì tou stoiqeÐou m kouc tou Bohr.
To efaptìmeno epÐpedo eÐnai to R5, to opoÐo trèqei o tetrapolikìc bajmìc eleujerÐac qm,
(m = 2, 1, 0,−1,−2). St�ntar sqèseic thc stereografik c probol c [43] dÐnoun

qu =
qm

1 + a(q̂ · q̂)
, q0 =

1− a(q̂ · q̂)√
4a(1 + a(q̂ · q̂))

, (5.14)

me to efaptìmeno epÐpedo na topojeteÐtai sto q0 = − 1√
4a
. T¸ra, h β̃ apokalÔptetai wc h

proballìmenh aktinik  metablht  apì thn S5 sto efaptìmeno epÐpedo

β̃2 =
5∑

u=1

ququ =
1

(1 + a(q̂ · q̂))2

∑
m

q2
m. (5.15)

'Ena mèroc tou efaptomènou epipèdou qarakthrÐzetai apì th metablht  β̃. Autì eÐnai to
proballìmeno epÐpedo, orizìmeno apì to stoiqeÐo m kouc (5.11), to opoÐo sugkrÐnetai me to
q¸ro Bohr mèsw tou par�gonta summorfopoÐhshc. Gia a = 0, to sÔnoro thc S5 ekteÐnetai
sto �peiro, ìpou apokomÐzetai to stoiqeÐo m kouc tou Bohr ds.

K�je kal� orismèno sÔnoro se èxi diast�seic mporeÐ na qarakthristeÐ wc mia uperepif�-
neia Bohr. Autì antanakl� th pijanìthta Ôparxhc Qamiltonian¸n tÔpou Bohr se autèc tic
uperepif�neiec. H arqik  Qamiltonian  tou Bohr an kei sto sÔnoro sto �peiro. Apì thn
�llh, h om�da summetrÐac thc olìthtac twn metasqhmatism¸n thc S5 ston eautì thc eÐnai h
O(6).

5.3 H O(6) kai to IBM

Ac kataskeu�soume touc genn torec thc O(6) mèsw twn qu kai twn suzug¸n gennhtìrwn
thc orm c ∂u. ApokomÐzetai wc h eidik  perÐptwsh gia n = 5 thc om�dac O(n+ 1) [109]. Me
u, k 6= 0, oi genn torec thc O(6) eÐnai

Quk = qu∂k − qk∂u, Qu0 = qu∂0 − q0∂u. (5.16)

Sth [108] to IBM exet�zetai wc ènac exadi�statoc armonikìc talantwt c, me ta mpozìnia
s kai d na ekfr�zontai mèsw twn èxi metablht¸n kai twn kanonik¸n suzug¸n touc, tic
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opoÐec gr�foume wc (q0, qm). To ìrio thc O(6) apokalÔptei mia dom  ìpwc thc (5.16) se mia
gewmetrÐa miac aktinik c metablht c b, kai pènte gwni¸n (δ,Ω4), me

q0 = b cos δ, β = b sin δ. (5.17)

H enswm�twsh tou q¸rou Bohr se èxi diast�seic qarakthrÐzetai apì tic metablhtèc

q0 =
1√
4a

cosχ, β̃ =
1√
4a

sinχ. (5.18)

Gia b = 1√
4a
, kai β̃ antÐ thc β, δ = χ. 'Ara, h S5 eÐnai ekeÐnh tou orÐou thc O(6) tou IBM, an

sth [108] h β̃ antikatast sei th β h opoÐa kat� th (5.15) ep�gei th stereografik  probol 
sto efaptìmeno epÐpedo. O telest c tou arijmoÔ twn mpozonÐwn [108] eÐnai

N̂ =
1

2

(
− 1

b5

∂

∂b
b5 ∂

∂b
+

1

b2
L2 + b2

)
− 3, (5.19)

me L2 ton deÔterhc t�xhc telest  Casimir thc O(6). Antikajist¸ntac thn β me thn β̃ sth
[108]

L2 = −
(

1

sin4 χ

∂

∂χ
sin4 χ

∂

∂χ
− 1

sin2 χ
Λ2

)
. (5.20)

H epilog  b = 1√
4a

eÐnai ènac desmìc gia to telest  arijmoÔ (5.19), to aktinikì tou mèroc
akur¸netai. Gia a = 0, to N p�ei sto �peiro.

5.4 Qamiltonian  Bohr sthn S5 kai apì th probol 
thc

H Qamiltonian  tÔpou Bohr pou zei p�nw sthn S5 mporeÐ na apokomisteÐ apì th laplasia-
n  tou stoiqeÐou m kouc (5.9), upojètontac par�metro m�zac B Ðdia me ekeÐnh thc arqik c
Qamiltonian c [1]. To apotèlesma eÐnai

H = − ~2

2B

(
4a

sin4 χ

∂

∂χ
sin4 χ

∂

∂χ
− 4a

sin2 χ
Λ2

)
. (5.21)

O Λ2 eÐnai o deÔterhc t�xhc telest c Casimir thc SO(5). H probolh apì thn S5 genn� mia
diakrit  Qamiltonian , me th parousÐa tou par�gonta summorfopoÐhshc. ApokomÐzetai apì
th laplasian  tou stoiqeÐou m kouc (5.8), to opoÐo dÐnei

H = − ~2

2B

[
(1 + aβ2)5

β4

∂

∂β

β4

(1 + aβ2)3

∂

∂β
− (1 + aβ2)2

β2
Λ2

]
. (5.22)

Ektìc thc B, h pr¸th Qamiltonian  eÐnai o deÔteroc ìroc tou telest  arijmoÔ (5.19), o
opoÐoc perièqei ton deÔterhc t�xhc Casimir thc O(6) tou IBM. Xan�, oi dÔo ekfr�seic
sumpÐptoun an sth [108] h β̃ antikatast sei th β.
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H teleutaÐa Qamiltonian  (5.22), zei sto proballìmeno epÐpedo apì thn S5. H ex�rthsh

twn rop¸n adraneÐac wc proc th paramìrfwsh β eÐnai β2

(1+aβ2)2 . To Ðdio apotèlesma lamb�netai

kai apì ton upologismì tou Bohr [1]

Jk = B
∑
uu′

ququ′(M
2
k )uu′ = 4B

β2

(1 + aβ2)2
sin2

(
γ − k2π

3

)
, (5.23)

qrhsimopoi¸ntac tic suntetagmènec qu,(u6=0), thc exÐswshc (5.14). M eÐnai h troqiak  stro-
form . Oi gwnÐec Ω4 den ephre�sthkan apì thn enswm�twsh kai oi m trec Wigner den
all�zoun apì thn probol , lìgw tou analloÐwtou thc O(5) ⊃ O(3).

Ta apotelèsmata thc probol c apì thn S5,   thc summetrÐac O(6), mporoÔn na emfa-
nistoÔn sthn ex�rthsh thc m�zac apì th paramìrfwsh ston arqikì q¸ro Bohr qwrÐc thn
èxtra di�stash. Autì upodeiknÔetai apì th teleutaÐa èkfrash (5.23) ìpou h par�metroc
m�zac B(β) = B

(1+aβ2)2 kai oi suntetagmènec Bohr qm, par�goun to Ðdio apotèlesma.
H metriopoÐhsh twn rop¸n adraneÐac sth paroÔsa perÐptwsh uponoeÐ ìti h sqèsh touc

me thn eswterik  tetrapolik  rop  Q0 exart�tai apì th summetrÐa. H arqik  Qamiltonian 
Bohr ston R5 dÐnei ropèc adraneÐac Jk ∼ β2, en¸ ekeÐnh thc (5.22) dÐnei Jk ∼ β2/(1 +
aβ2)2. H probol  apì thn S5 eÐnai èna apotÔpwma apì thn O(6), kai shmatodoteÐ mia nèa
perioq  summetrÐac apì ìti ekeÐnh thc arqik c Qamiltonian c Bohr ston R5. Me to sun jh
tetrapolikì telest  tou montèlou Bohr [57] Q0 ∼ β. O nèoc kanìnac gia th sqèsh twn
rop¸n adraneÐac me thn eswterik  tetrapolik  rop  eÐnai Jk ∝ Q2

0/(1 + aQ2
0)2. Wstìso

o akrib c kanìnac qrei�zetai thn exètash tou β-mèrouc tou tetrapolikoÔ telest  sth nèa
perioq  summetrÐac. Autì eÐnai pèra apì touc skopoÔc thc paroÔsac diatrib c, ja prèpei na
gÐnei se sumfwnÐa me to gewmetrikì ìrio tou IBM.

5.5 E(5)

Se poia perioq  tou IBM topojeteÐtai h Qamiltonian  (5.22); De ja prèpei na eÐnai to akribèc
ìrio thc O(6), kaj¸c den zei p�nw sth sfaÐra twn pènte gwni¸n all� sto proballìmeno
epÐpedo. Apì thn �llh, oi summetrÐec pou apokalÔptontai apì th probol  thc S5 ston R5, h
opoÐa perilamb�nei mia diastatik  anagwg  apì èxi se pènte diast�seic , mporeÐ na melethjeÐ
me qr sh twn sustol¸n om�dwn (group contractions).

Sto sÔnoro thc S5 sto �peiro, h O(6) sustèletai [109] sthn EukleÐdia om�da se pènte
diast�seic, thn E(5). H diadikasÐa thc sustol c [109] exet�zei ton genn tora Qu0 (5.16)
sto bìreio pìlo thc S5, ìpou q0 = 1√

4a
kai oi upìloipec qu = 0,

Quo = − 1√
4a
∂u. (5.24)

Aut  h èkfrash apoklÐnei gia a = 0. OrÐste to telest 

Q̃u0 =
√

4a(qu∂0 − q0∂u). (5.25)

T¸ra, p�nw sto bìreio pìlo kai gia a = 0, Q̃u0 = −∂m. To sÔnolo twn gennhtìrwn
{Quk, Q̃u0} sustèlletai sto sÔnolo {Qmn, ∂m} gia a = 0. To teleutaÐo sÔnolo genn�
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Sq ma 5.3: Timèc thc a gia ta isìtopa tou Xe kai tou Ba, ta dedomèna el fjhsan apì to
PÐnaka 4.1.

thn om�da summetrÐac E(5) [57], h opoÐa eÐqe protajeÐ sthn [32] na qarakthrÐzei to krÐsimo
shmeÐo gia mia deÔterhc t�xhc metabol  sq matoc/f�shc apì sfairikoÔc se astajeÐc wc
proc γ pur nec. AntistoiqeÐ sto �peiro phg�di dunamikoÔ gia th metablht  β , sthn arqik 
Qamiltonian  Bohr. H Qamiltonian  (5.22) gia a = 0 sumpÐptei me ekeÐnh thc E(5) [32].
T¸ra, to klassikì ìrio tou IBM [5] sth metabatik  perioq  tou U(5)−O(6) filoxeneÐ èna
shmeÐo gia mia deÔterhc t�xhc metabol  f�shc. H parousÐa thc E(5) gia a = 0, to analloÐwto
thc O(5) kat� thc di�rkeia thc probol c, ìpwc epÐshc kai to epiqeÐrhma ìti h Qamiltonian 
(5.22) de prèpei na antapokrÐnetai sto akribèc ìrio thc O(6), uponoeÐ th prosarmog  thc
sthn metabatik  perioq  U(5)−O(6) tou IBM.

Problèyeic gia ekdhl¸seic thc E(5) stouc atomikoÔc pur nec oi opoÐec sthrÐzontai sto
f�sma thc arqik c Qamiltonian c Bohr, ja prèpei na epanexetastoÔn. H apousÐa tou par�-
gonta summorfopoÐhshc sthn arqik  Qamiltonian  Bohr, antanakl� thn apousÐa apotupw-
m�twn thc O(6). H par�metroc a kajorÐzei th parousÐa tou par�gonta summorfopoÐhshc.
To sq ma 5.3 deÐqnei tic timèc tou a gia ta Xe kai ta Ba. H par�metroc a den eÐnai mhdèn gia
èna monadikì pur na sta Xe   ta Ba. H a = 0 antistoiqeÐ tautìqrona sta 128 Xe, 130 Xe,
132 Xe, 134 Xe ìpwc epÐshc kai sta 134 Ba kai 136 Ba. Autì to sqìlio de ja prèpei na lhfjeÐ
wc mia prìtash gia upoy fiouc pur nec thc E(5). 'Opwc faÐnetai apì thn exÐswsh 3.136, to
a = 0 de dÐnei th Qamiltonian  thc E(5) [32], kaj¸c epibi¸nei o ìroc Davidson 2β2 sto k1.

H paroÔsa prosèggish sthn E(5) diafèrei apì thn arqik  prìtash tou apeÐrou phgadioÔ
[32], molonìti h summetrÐa eÐnai h Ðdia. Autì faÐnetai kai apì thn [57], sthn opoÐa o telest c
Casimir thc E(5) qarakthrÐzei th summetrÐa tou apeÐrou phgadioÔ [32]. O Ðdioc telest c
Casimir thc E(5) anadÔetai ed¸ sto ìrio tou a = 0 sth Qamiltonian  (5.22). H diafor�
twn dÔo Qamiltonian¸n proèrqetai apì thn eisagwg  tou par�gonta summorfopoÐhshc. H
Qamiltonian  (5.22) antistoiqeÐ sth pleur� U(5) − O(6) tou IBM prosfèrontac mia pio
realistik  sumperifor� gia tic ropèc adraneÐac kai perièqei to telest  Casimir thc E(5) wc
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upoperÐptws  thc sto ìrio a = 0. AntÐjeta, h Qamiltonian  tou Bohr me to �peiro phg�di
qarakthrÐzetai mìno apì th summetrÐa E(5) [32] kai de perièqei shm�dia thc O(6) tou IBM
pou ja enÐsquan th jèsh thc wc summetrÐa krÐsimou shmeÐou gia th met�bash apì sfairikoÔc
se astajeÐc wc proc γ pur nec.

Peiramatik� mèqri s mera to 134 Ba èqei brejeÐ na ekdhl¸nei th summetrÐa thc E(5) [110]
b�sei tou f�smatoc kai twn rujm¸n met�bashc pou prot�jhkan sthn [32]. H an�dush thc
E(5) apì thn Qamiltonian  (5.22) sundèetai kai me th parousÐa thc O(6) tou IBM all�
kai me to krÐsimo shmeÐo thc perioq c U(5) − O(6) gia th metabol  f�shc 2hc t�xhc ìpwc
ja analujeÐ sta sumper�smata. Dedomènhc thc diafor�c thc Qamiltonian c (5.22) apì th
Qamiltonian  thc arqik c prìtashc thc E(5) [32], oi problèyeic touc, dhlad  to f�sma kai
oi rujmoÐ met�bas c touc, de ja eÐnai anagkastik� tautìshmec. Afenìc h emf�nish thc E(5)
se èna sugkekrimèno ìrio miac genikeumènhc Qamiltonian c ìpwc eÐnai h (5.22) apomakrÔnei
th diereÔnhsh thc ekd lws c thc sth purhnik  dom  apì thn exètash tou f�smatoc kai
twn rujm¸n met�bashc thc arqik c Qamiltonian c tou Bohr me to �peiro phg�di dunamikoÔ.
Afetèrou, h eisagwg  thc par�metrou a epifèrei allagèc sto f�sma thc Qamiltonian c
tou Bohr oi opoÐec de mporeÐ na agnohjoÔn se sqèsh me to f�sma thc arqik c prìtashc thc
E(5) [32]. Ja mporoÔse kaneÐc na isquristeÐ ìti h prosarmog  twn lÔsewn thc Qamiltonian c
(5.22) stouc pur nec gia touc opoÐouc h par�metroc a = 0, ja  tan epÐshc upoy fioi pur nec
thc E(5). Pijanèc peiramatikèc diaforèc twn pur nwn aut¸n se sqèsh me touc geitonikoÔc
touc, ìpwc gia par�deigma apìtomec allagèc stouc rujmoÔc met�bashc ja mporoÔsan na
shmatodotoÔn thn ekd lwsh thc E(5) sth purhnik  dom .

H emf�nish thc E(5) sto exadi�stato gewmetrikì plaÐsio, mèsa apì th sustol  thc O(6)
kai to ìrio tou a = 0 sth Qamiltonian  (5.22), uponoeÐ ìti h diereÔnhsh thc ekd lws c thc
stouc atomikoÔc pur nec wc summetrÐa krÐsimou shmeÐou qrei�zetai epiprìsjeta peiramatik�
mètra apì ìti ekeÐna pou apokomÐzontai apì thn arqik  Qamiltonian  Bohr. Gia par�deigma
sto Sq ma 5.3 to gegonìc ìti h par�metroc a den eÐnai mhdèn gia èna sugkekrimèno pur na
all� gia mia seir� isotìpwn deÐqnei ìti to krÐsimo shmeÐo mporeÐ na mhn eÐnai akrib¸c ènac
pur nac, all� mia gramm  isotìpwn antanakl¸ntac th deÔterh t�xh thc metabol c f�shc.
Bèbaia lìgw thc parousÐac tou Davidson h leitourgikìthta aut c thc prìtashc eÐnai ekeÐnh
tou shmatodìth gia pijanèc nèec ekdhl¸seic thc E(5) sth purhnik  dom  kai se kammÐa pe-
rÐptwsh mia prìtash gia upoy fiouc pur nec thc E(5). AxÐzei ed¸ na shmeiwjeÐ ìti h E(5)
 tan asÔmbath me tic perioqèc sumetrÐac tou IBM kai oi peiramatikèc endeÐxeic thc sthrÐzon-
tan apokleistik� sthn arqik  Qamiltonian  tou Bohr me to �peiro phg�di dunamikoÔ [32].
An kai to exadi�stato gewmetrikì plaÐsio pou prot�jhke ed¸ sundèei th summetrÐa O(6)
tou IBM me thn E(5) tou Bohr, an kai faner¸nei thn E(5) sto ìrio tou a = 0 to opoÐo
antistoiqeÐ sto �peiro arijmì mpozonÐwn tou IBM kai ja analujeÐ sta sumper�smata, zhtoÔ-
meno exakoloujeÐ na eÐnai èna gewmetrikì ìrio tou IBM mèsa apì tic sÔmfwnec katast�seic
thc U(6) pou na perilamb�nei th par�metro a. En katakleÐdi, h jewrhtik  kai peiramatik 
diereÔnhsh thc ekd lwshc thc E(5) stouc atomikoÔc pur nec de mporeÐ na exantleÐtai stic
problèyeic thc arqik c prìtashc thc [32] h opoÐa sthrÐzetai sthn arqik  Qamiltonian  tou
Bohr kai agnoeÐ tic epipt¸seic thc summetrÐac O(6).
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Kef�laio 6

Sumper�smata

H Qamiltonian  Bohr me m�za exarthmènh apì th paramìrfwsh eÐnai akrib¸c epilÔsimh gia
ta dunamik� Davidson kai Kratzer. H fainomenologÐa touc eÐnai arket� ikanopoihtik , ìpwc
èpetai apì ta apotelèsmata tou kefalaÐou 4.

To dunamikì Davidson me m�za exarthmènh apì th paramìrfwsh dÐnei kal� apotelèsmata
gia astajeÐc wc proc γ pur nec kai apoklÐnei gia ekeÐnouc pou èqoun protajeÐ gia to krÐsimo
shmeÐo thc X(5). Autì de prokaleÐ èkplhxh kaj¸c h sumbatìthta tou dunamikoÔ Davidson
me th U(5) − O(6) perioq  tou IBM  tan  dh gnwst  apì th [56, 44]. H ex�rthsh thc
m�zac apì th paramìrfwsh me th sun�rthsh f(β) = 1 + aβ2 enisqÔei jewrhtik� th sum-
batìthta tou Davidson me th U(5) − O(6), arkibèstera thn epekteÐnei se perioqèc kont�
sthn O(6) ìpwc f�nhke sto kef�laio 5. H ermhneÐa tou par�gonta summorfopoÐhshc gia th
sun�rthsh 1/f 2(β), sth gewmetrÐa tou Bohr sqetÐzei th par�metro a me thn aktÐna thc S5

anadeiknÔontac th summetrÐa O(6) kai th sustol  thc sthn E(5) gia a = 0.
Eidikìtera mèsa apì th formalistik  antistoiqÐa me to kosmologikì prìtupo twn Robertson-

Walker to prìtupo Bohr enswmat¸jhke se èxi diast�seic. O arqikìc q¸roc Bohr topo-
jeteÐtai sto ìrio thc �peirhc aktÐnac miac sfaÐrac pènte gwni¸n. H Qamiltonian  Bohr
epanajemeli¸netai p�nw sth sfaÐra twn pènte gwni¸n h opoÐa èqei th summetrÐa O(6). H
sqèsh thc me to ìrio O(6) tou IBM upodhl¸nei pwc to �peiro thc sfaÐrac twn pènte gwni¸n
antistoiqeÐ sto ìrio tou �peirou arijmoÔ mpozonÐwn sto IBM.

H sfaÐra twn pènte gwni¸n me peperasmènh aktÐna antistoiqeÐ se èna desmì ston telest 
arijmoÔ tou IBM. O q¸roc Bohr me to par�gonta summorfopoÐhshc sumpÐptei me th stereo-
grafik  probol  thc sfaÐrac twn pènte gwni¸n sto efaptìmeno epÐpedo. H epanajemelÐwsh
thc Qamiltonian c Bohr sto proballìmeno epÐpedo prosarmìzetai sth perioq  U(5)−O(6)
tou IBM. Oi sunèpeièc thc eÐnai:

(i) H emf�nish thc ex�rthshc thc m�zac apì th paramìrfwsh sto arqikì prìtupo Bohr.
(ii) IsodÔnama, sto proballìmeno epÐpedo oi ropèc adraneÐac ekdhl¸noun mia diaforetik 

ex�rthsh wc proc th paramìrfwsh, apì ìti sto arqikì prìtupo Bohr. Autì uponoeÐ thn
Ôparxh summetro-exarthmènwn kanìnwn gia th sqèsh twn rop¸n adraneÐac me thn eswterik 
tetrapolik  rop .

(iii) Sto ìrio thc �peirhc aktÐnac thc sfaÐrac twn pènte gwni¸n, h anadÔetai h Qamil-
tonian  thc E(5). O nèoc trìpoc thc emf�nishc thc E(5) afenìc prokaleÐ suz thsh gia
tic pijanèc ekdhl¸seic thc stouc atomikoÔc pur nec. Afetèrou suneisfèrei jewrhtik� sth

111
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sÔndesh tou krÐsimou shmeÐou gia th metabol  f�shc deÔterhc t�xhc tou IBM me thn E(5).
H melèth twn metabol¸n f�shc sto IBM, xekÐnhsan wc metabolèc f�shc thc basik c

kat�stashc [30, 31, 5], oi opoÐec sumbaÐnoun sto apìluto mhdèn kai h par�metroc elègqou
emfanÐzetai sth kbantik  Qamiltonian . S mera onom�zontai kbantikèc metabolèc f�shc kai
sÔmfwna me to krit rio tou Gibbs [113] h ekd lwsh tou krÐsimou shmeÐou apaiteÐ �peirh
èktash, wstìso autèc melet¸ntai se mesoskopik� sust mata ìpwc oi atomikoÐ pur nec.
H kbantik  Qamiltonian  sto IBM kat�llhlh gia th melèth twn metabol¸n f�shc eÐnai h
[111, 112]

H(ζ, χ) = c

[
(1− ζ)n̂d −

ζ

4N
Q̂χ · Q̂χ

]
, (6.1)

ìpou n̂d = d† · d̃ eÐnai o telest c plhjusmoÔ twn mpozonÐwn d, Q̂χ = (s†d̃+ d†s) + χ(d†d̃)(2)

eÐnai o tetrapolikìc telest c, N eÐnai to pl joc twn mpozonÐwn kai c eÐnai ènac par�gontac
klÐmakac. H anwtèrw qamiltonian  perièqei tic dÔo paramètrouc ζ kai χ, me th ζ ∈ [0, 1] kai
th χ ∈ [0,−

√
7/2 = −1.32]. Se aut  th parametropoÐhsh to ìrio thc U(5) antapokrÐnetai

sth ζ = 0, to ìrio thc O(6) sth ζ = 1, χ = 0 kai to ìrio thc SU(3) sth ζ = 1, χ = −
√

7/2.
Sto IBM to krit rio tou Gibbs ikanopoieÐtai sto ìrio tou meg�lou N , tìte gia sugkekrimè-
nec timèc twn paramètrwn elègqou oi energeiakèc epif�neiec ekdhl¸noun mh analutikìthta.
MetaxÔ twn dunamik¸n summetri¸n U(5) kai SU(3) h metabol  f�shc brèjhke na eÐnai 1hc
t�xhc (sÔmfwna me th taxinìmhsh kat� Ehrenfest), en¸ metaxÔ twn dunamik¸n summetri¸n
U(5) kai O(6) h metabol  f�shc anafèretai wc 2ac t�xewc [5].

Oi summetrÐec krÐsimou shmeÐou (Critical Point Symmetries) apì thn �llh [32, 33], pro-
t�jhkan wc aplèc lÔseic thc Qamiltonian c tou Bohr pou ekdhl¸noun dunamik  summetrÐa
p�nw sto krÐsimo shmeÐo gia th metabol  sq matoc/f�shc. H sqèsh touc me tic kbantikèc
metabolèc f�shc eÐnai èna anoiqtì z thma. Ta apotelèsmata twn edafÐwn 5.3, 5.4 kai 5.5,
apokalÔptoun th summetrÐa E(5) wc ekeÐnh pou ekdhl¸netai sto ìrio tou meg�lou N sth
pleur� U(5) − O(6) tou IBM, uposthrÐzontac epiplèon to epiqeÐrhma ìti antistoiqeÐ sto
krÐsimo shmeÐo gia th metabol  f�shc 2hc t�xhc tou IBM lìgw tou krithrÐou tou Gibbs
[113]. Apì thn �llh h gewmetrik  emf�nish thc summetrÐac O(6) tou IBM epanatopojeteÐ
th sqèsh tou klassikoÔ tou orÐou me th Qamiltonian  tou Bohr.

To klassikì ìrio tou IBM, [26] lamb�netai apì èna gewmetrikì desmì se 5+1 diast�seic,
th stereografik  probol  stic sÔmfwnec katast�seic thc U(6) oi opoÐec eÐnai sunart seic
twn mpozonÐwn s kai d. O desmìc antanakl� thn apìrriyh twn anti-summetrik¸n anapara-
st�sewn thc U(6) af nontac 5 bajmoÔc eleujerÐac. Me autì to trìpo apokomÐzontai oi 5
metablhtèc sq matoc tou Bohr kai de qrhsimopoioÔntai plèon ab initio, ìpwc epis manan
oi Van Isacker kai Chen [28], sth kataskeu  Qamiltonian¸n pou perigr�foun ta purhnik�
sq mata.

O par�gontac summorfopoÐhshc enswmat¸nei th gewmetrÐa tou Bohr se èxi diast�seic
kai eis�gei mia koin  exadi�stath gewmetrÐa gia th sqèsh tou klassikoÔ orÐou tou IBM kai
tou protÔpou tou Bohr. Oi penta-di�statec uperepif�neiec Bohr antanakloÔn toul�qiston
tic summetrÐec tou IBM oi opoÐec eÐnai apoÔsec sthn arqik  Qamiltonian  tou Bohr. Gia
par�deigma h S5 apokalÔptei thn O(6). UponoeÐtai ètsi kai h pijanìthta ekd lwshc thc
SU(3) tou IBM, mèsa apì èna diaforetikì sq ma thc pentadi�stathc uperepif�neiac Bohr. H
ekd lwsh twn summetri¸n tou IBM, kai eidik� thc O(6), prèpei na exuphret soun thn emfan 
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sÔgkrish twn sullogik¸n noukleonik¸n kin sewn me tic talant¸seic tou purhnikoÔ reustoÔ
to opoÐo topojeteÐtai sto �peiro gia a = 0. H upìnoia aut  den akur¸netai apì thn apousÐa
safoÔc apìdeixhc ìti, gia par�deigma, h Qamiltonian  tou Bohr me th par�metro a ìntwc
anadeiknÔei fainìmena peperasmènou arijmoÔ suzeugmènwn noukleonÐwn sjènouc sto prìtupo
thc ugr c stagìnac. H summetrÐa O(6) sto IBM faner¸nei thn allhlepÐdrash zeug¸n [5]
kai h susqètis  thc me thn S5, ìpwc suzht jhke sta ed�fia 5.3 kai 5.4, epitugq�netai mèsa
apì thn antistoiqÐa thc aktÐnac thc sfaÐrac S5 me ton arijmì mpozonÐwn N tou IBM. 'Etsi
h exadi�stath gewmetrÐa suneisfèrei sthn ekd lwsh twn fainomènwn peperasmènou arijmoÔ
swmatidÐwn (finite N effects) se Qamiltonianèc tÔpou Bohr.

T¸ra, h eisagwg  tou par�gonta summorfopoÐhshc sto prìtupo Bohr orÐzei to ”q¸ro
Bohr” wc th 5-di�stath gewmetrÐa pou topojeteÐtai sto sÔnoro sto �peiro tou q¸rou
twn exi diast�sewn. H O(6) faner¸netai mèsa apì th stereografik  probol  thc S5 sto
efaptìmeno epÐpedo h opoÐa ìmwc den eÐnai Ðdia me ekeÐnh twn Dieperink, Scholten, Iachello
[26] pou desmeÔei tic antisummetrikèc anaparast�seic thc U(6). H stereografik  probol 
[107] twn edafÐwn 5.2 apì thn S5 prèpei na antapokrÐnetai sto klassikì ìrio thc dunamik c
summetrÐac U(6) ⊃ O(6) ⊃ O(5) ⊃ O(3) tou IBM. H proteinìmenh gewmetrÐa [107] sto
ed�fio 5.2 den anafèretai sthn olìthta tou klassikoÔ orÐou tou IBM, dhlad  stic sÔmfwnec
katast�seic thc U(6). Wstìso, ta apotelèsmata twn edafÐwn 5.3 kai 5.4 deÐqnoun ìti to
kenì thc sÔndeshc tou klassikoÔ orÐou tou IBM me th Qamiltonian  tou Bohr mporeÐ na
kalufjeÐ apì sÔmmorfouc metasqhmatismoÔc sth gewmetrÐa tou Bohr.

Afetèrou, h gewmetrik  prosèggish sth sÔndesh tou klassikoÔ orÐou tou IBM me th
Qamiltonian  tou Bohr, epanexet�zei tic arqikèc antif�seic tou protÔpou Bohr sqetik� me th
sÔgkrish twn sullogik¸n noukleonik¸n kin sewn me tic talant¸seic tou purhnikoÔ reustoÔ.
To reustì suntÐjetai apì purhnik  Ôlh (nuclear matter) h opoÐa ex' orismoÔ epitugq�netai
apì �peiro arijmì noukleonÐwn [9]. O q¸roc Bohr eÐnai mia 5-di�stath gewmetrÐa sthn o-
poÐa h mh peristrefìmenh ro  thc purhnik c Ôlhc [1] antanakl�tai sth par�metro m�zac tou
Bohr. Sq mata twn peperasmènwn atomik¸n pur nwn ekfr�zontai mesa apì sugkekrimènouc
desmoÔc stic metablhtèc sq matoc,   tic suntetagmènec tou q¸rou Bohr, all� h arqik 
anafor� ston �peiro arijmì swmatidi¸n eÐnai gewmetrik� apoÔsa. H topojèthsh tou q¸rou
Bohr sto �peiro aposkopeÐ sth prìtash gewmetrik c antistoiqÐac gia ton �peiro arijmì pu-
rhnik¸n swmatidÐwn. Oi antistoiqÐec sto ed�fio 5.3, deÐqnoun ìti to �peiro thc S5 sumpÐptei
me to ìrio tou meg�lou N sto IBM.

'Ola ta parap�nw  tan ta apotelèsmata thc S5, h opoÐa kataskeu�sthke sto kef�laio
5 kai apokalÔfjhke apì th probol  thc sto efaptìmeno epÐpedo mèsw tou par�gonta sum-
morfopoÐhshc pou genn�tai apì th sun�rthsh f(β) = 1 + aβ2. H sun�rthsh aut  proèkuye
apì to analloÐwto morf c (Shape Invariance) tou isotropikoÔ armonikoÔ talantwt . Sth
Qamiltonian  tou Bohr efarmìsthke me to dunamikì Davidson, an kai ta apotelèsmata tou
kefalaÐou 5 den k�noun kamÐa anafor� se dunamikì armonikoÔ talantwt .

Poiec ja mporoÔsan na eÐnai oi endeÐxeic tou par�gonta summorfopoÐhshc pou genn�tai
apì th sun�rthsh f(β) = 1 + aβ ; ApokomÐsthke apì to analloÐwto morf c gia th kÐnhsh
Kepler, h opoÐa sth Qamiltonian  tou Bohr antistoiqeÐ sto dunamikì Kratzer. Dedomènwn
twn kal¸n apotelesm�twn tou Kratzer gia touc axonik� summetrikoÔc pur nec kai idÐwc touc
pur nec thc X(5), ìpwc faÐnetai sto kef�laio 4, h antÐstoiqh perioq  summetrÐac tou IBM
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gia th Qamiltonian  Bohr me th sun�rthsh f(β) = 1 + aβ, prèpei na eÐnai h U(5)− SU(3).
Eidikìtera, mporeÐ na gÐnei nÔxh sqetik� me to krÐsimo shmeÐou thc X(5) [33], kat� analogÐa
me th sustol  thc O(6) sthn E(5). H summetrÐa krÐsimou shmeÐou E(5) prot�jhke wc mia
eidik  lÔsh thc Qamiltonian c tou Bohr gia touc astajeÐc wc proc γ pur nec kai antistoiqeÐ
sto �peiro phg�di kat� thn [32]. H Qamiltonian  thc apokomÐsthke gewmetrik� [107] kai sto
kef�laio 5 thc paroÔsac diatrib c mèsw thc sustol c apì thn O(6), antapokrinìmenh sto
ìrio tou meg�lou N sth pleur� U(5)−O(6) tou IBM.

Apì thn �llh, h X(5) prot�jhke wc mia eidik  lÔsh thc Qamiltonian c tou Bohr gia touc
axonik� summetrikoÔc epim keic pur nec kai antistoiqeÐ kai aut  sto �peiro phg�di dunamikoÔ
[33]. H antÐstoiqh metabatik  perioq  tou IBM eÐnai h U(5) − SU(3). EÐnai gnwstì ìti h
summetrÐa SU(3) sustèletai sthn [R5]SO(3) [114]. H [R5]SO(3) diafèrei apì thn E(5) sto
ìti den ikanopoieÐ to analloÐwto thc SO(5) all� mon�qa thc SO(3). Sth Qamiltonian  tou
Bohr h SO(5) perièqei tic treic gwnÐec Euler kai th gwnÐa γ, en¸ h SO(3) mon�qa tic treic
gwnÐec Euler. Stouc astajeÐc wc proc γ pur nec o diaqwrismìc twn metablht¸n sèbetai
to analloÐwto thc SO(5), h opoÐa eÐnai upoom�da thc E(5). Apì thn �llh h summetrÐa
[R5]SO(3) jumÐzei to qwrismì twn metablht¸n stouc axonik� summetrikoÔc epim keic pur -
nec ìpou oi gwnÐec Euler diaqwrÐzontai apì th gwnÐa γ kai èqei wc upoom�da thn SO(3).
H sustol  thc SU(3) sthn [R5]SO(3) k�nei mia nÔxh pwc h X(5) Ðswc sqetÐzetai me th
summetrÐa [R5]SO(3). ApaiteÐtai leptomerèsterh an�lush sqetik� me th perioq  summetri¸n
pou eis�gei h sun�rthsh f(β) = 1 + aβ sth Qamiltonian  Bohr kai eidikìtera, to ìriì thc
gia a = 0.



Par�rthma Aþ

GenÐkeush thc tautìthtac thc
Quesne

Gia ì,ti akoloujeÐ, axÐzei na anaferjeÐ periektik� h �lgebra thc tautìthtac thc Quesne pou
ekfr�zei th posìthta f δ∇fκ∇fλ mèsw thc
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(Aþ.4)

Aþ.1 ExÐswsh Schroedinger me m�za exarthmènh apì
th jèsh se sfairikèc suntetagmènec

O q¸roc Bohr èqei th gewmetrÐa R5 ∼ R+×S4. H laplasian  se aut  th gewmetrÐa me ìrouc
m�zac exarthmènouc apì th jèsh, ìpou ed¸ ja exart�tai apì thn aktinik  suntetagmènh β,
apaiteÐ prwjÔstera th graf  thc se sfairikèc suntetagmènec. H qrhsimìthta thc genÐkeushc
thc laplasian c se sfairikèc suntetagmènec me ìrouc m�zac exarthmènouc apì thn aktinik 
suntetagmènh β ja faneÐ kai apì th sÔndes  thc me thn enswm�twsh tou q¸rou se an¸terec
diast�seic mèsw tou par�gonta summorfopoÐhshc (conformal factor).
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Qreiazìmaste arqik� th genÐkeush thc tautìthtac thc Quesne (Aþ.3) gia th perÐptwsh
fδ

βn−1 ∂ββ
n−1 fκ∂βf

λ.
Gia κ = 2− λ− δ èqoume

f δ

βn−1
∂ββ

n−1 fκ∂βf
λ =

f δ

βn−1
∂βf

1
2
−δ βn−1f f

1
2
−λ∂βf

λ, (Aþ.5)

pou gÐnetai

[
f 1/2

βn−1
∂β + (

1

2
− δ)f

−1/2

βn−1
(∂βf)] βn−1f [∂βf

1/2 − (
1

2
− λ)f−1/2(∂βf)]. (Aþ.6)

H teleutaÐa èkfrash sp�ei se tèssereic ìrouc A+B + C +D, pou eÐnai oi akìloujoi.
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O trÐtoc ìroc C, apì thn Ex. (Aþ.6) eÐnai
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O tètartoc ìroc D, apì thn Ex. (Aþ.6) eÐnai
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'Ara h tautìthta thc Quesne se sfairikèc suntetagmènec se n di�stato q¸ro, apokomÐzetai
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Aþ.2 ExÐswsh tou Schroedinger se sÔmmorfec sun-
tetagmènec

Ja apodeiqteÐ ìti h teleutaÐa exÐswsh mporeÐ na genikeujeÐ se èna sÔmmorfo metasqhmatismì
thc metrik c

gij → g̃ij =
gij

f 2(β)
. (Aþ.14)

Aut  h genÐkeush, pèra apì thn anaduìmenh aplìthta sth katanìhsh polÔplokwn upologi-
sm¸n me m�zec exarthmènec apì th jèsh, par�gei epÐshc th logik  sÔndesh me tic genikeumènec
kanonikèc sqèseic met�jeseic. ProkÔptei ìti tètoiou eÐdouc sqèseic met�jeseic èqoun ge-
wmetrikì an�logo se sÔmmorfec suntetagmènec ìpou h metrik  tou q¸rou ephre�zetai apì
èna par�gonta summorfopoÐhshc (conformal factor).

Gia q¸ro n diast�sewn o par�gontac summorfopoÐhshc epidr� sthn orÐzousa thc metri-
k c san g̃ = g

f2n(β)
. 'Ara h laplasian  paÐrnei th morf 
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Se sfairikèc suntetagmènec, gia f = f(β) kai i, j 6= β, h teleutaÐa èkfrash sp�ei se dÔo
ìrouc
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Oi dÔo autoÐ ìroi eÐnai oikeÐoi apì touc upologismoÔc tou prohgoÔmenou edafÐou. O deÔteroc
xanadÐnei to gwniakì mèroc thc qamiltonian c wc ton deÔterhc t�xhc telest  Casimir thc
om�dac summetrÐac SO(n). H exÐswsh tou Schrodinger HΨ = EΨ gia aut  th laplasian 
paÐrnei thn isodÔnamh wc proc th m�za exarthmènh apì th paramìrfwsh gia kumatosunart -
seic

Ψ̃ = f
n
2 Ψ. (Aþ.17)
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Tìte sth teleutaÐa èkfrash o pr¸toc ìroc tou aristeroÔ mèlouc, pet¸ntac ton − ~2
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krat¸ntac mon�qa to pr¸to ìro apì th (Aþ.16), paÐrnei th morf 
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ToÔtoc anagnwrÐzetai wc mia eidik  morf  thc tautìthtac thc Quesne (Aþ.13) se sfairikèc
suntetagmènec me δ = n/2, κ = 2− n, λ = n/2.

Apì thn Ex. (Aþ.13) to apotèlesma eÐnai
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Pollaplasiasmèno me −1/2 dÐnei
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(Aþ.21)
Eujèwc mporeÐ na dhlwjeÐ ìti exÐswsh Schroedinger me m�za exarthmènh apì th jèsh [64]
gia δ = n/2, κ = 2 − n, λ = n/2 eÐnai Ðdiac morf c me mia exÐswsh Schrodinger se q¸ro n
diast�sewn domhmèno apì sÔmmorfh metrik  gij

f2 gia kumatosunart seic pollaplasiasmènec

apì to par�gonta fn/2.
Kat' arq n to gegonìc ìti eidikèc timèc twn paramètrwn δ, λ, me to periorismì κ + δ +

λ = 2, dÐnoun exÐswsh Schroedinger isodÔnamou fusikoÔ sust matoc de prèpei na prokaleÐ
èkplhxh. O Von Roos sth [63] prìteine to formalismì me tic paramètrouc ”amfibolÐac”
κ, δ, λ ìpwc tic ìrise, wc th pio genik  morf  ermitianoÔ telest . T¸ra, eidikèc timèc twn
paramètrwn amfibolÐac anapar�goun �llouc formalismoÔc [3], ìpwc gia par�deigma ekeÐnon
twn BenDaniel kai Duke [76] gia δ = λ = 0, ekeÐnon tou Bastard [78] gia λ = 2, δ = 0,
ekeÐno twn Zhu kai Kroemer [79] gia λ = δ = 1   twn Li kai Kuhn [99] gia λ = 0, δ = 1.
Apì thn �llh  dh oi Quesne kai Tkachuk sth [2] eÐqan apodeÐxei ìti genikeumènoi telestèc
thc orm c emfanÐzontai kai se kampÔlo q¸ro. Wstìso, o sÔmmorfoc metasqhmatismìc de
prèpei na sugqèetai me th kampulìthta kaj¸c, afenìc eÐnai pio genikìc (ta apotelèsmata
aut� isqÔoun kai gia mh diag¸niec m trec se antÐjesh me ekeÐna thc [2]) afetèrou prosfèrei
th kathgoriopoÐhsh enìc nèou fusikoÔ sust matoc to opoÐo anadÔetai mèsa apì tic eidikèc
timèc twn paramètrwn κ, δ, λ. H exÐswsh Schroedinger gia prìblhma me m�za exarthmènh apì
th jèsh, ìpwc autì orÐzetai apì apì tic melètec twn Von Roos kai Quesne kai Tkachuk, gia
δ = n/2, λ = n/2, κ = 2−n, ìpou n h di�stash tou q¸rou, èqei Ðdia morf  me thn antÐstoiqh
exÐswsh se sfairikèc suntetagmènec gia q¸ro n diast�sewn me metrik  upoballìmenh se
sÔmmorfo metasqhmatismì gij

f2 kai kumatosunart seic pollaplasiasmènec apì to par�gonta

fn/2.
Gia th qamiltonian  tou Bohr n = 5. 'Ara to aktinikì komm�ti thc qamiltonian c eÐnai

−
√
f

2β4
∂ββ

4f∂β
√
f +

1

4
(−4){ 4

β
f(∂βf) + f∂β[(∂βf)]}+

1

2
(
1

2
− 5

2
)(

1

2
− 5

2
)(∂βf)(∂βf) =

(Aþ.22)

−
√
f

2β4
∂ββ

4f∂β
√
f − { 4

β
f(∂βf) + f∂β[(∂βf)]}+ 2(∂βf)(∂βf).
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'Ara se aut  th perÐptwsh to energì dunamikì ja prèpei na oristeÐ wc

υeff = −{ 4

β
f(∂βf) + f∂β[(∂βf)]}+ 2(∂βf)(∂βf). (Aþ.23)

EÐnai eurèwc gnwstì ìti se sfairikèc suntetagmènec, akribeÐc lÔseic apokomÐzontai gia
kumatosunart seic pollaplasiazìmenec apì to par�gonta 1

β
gia n = 3 (dhl¸nontac èna

sfairikì kÔma)   apì to par�gonta 1
β2 gia n = 5. AkribeÐc lÔseic stic sÔmmorfec suntetag-

mènec ja apokomÐzontai gia kumatosunart seic pollaplasiazìmenec apì to par�gonta fn/2

βl
,

me l to deÐkth thc akriboÔc diaqwrisimìthtac k�je for�. 'Opwc kai sth [2], h diat rhsh thc
pijanìthtac epib�llei par�llhla me to sÔmmorfo metasqhmatismì kai to metasqhmatismì
twn suntetagmènwn, to metasqhmatismì tou stoiqeÐou ìgkou kat� dV → dV ′ = dV

fn
.
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Par�rthma Bþ

UpologismoÐ sto Kratzer

Bþ.1 Oi par�metroi tou Kratzer

Sth paroÔsa doulei� to dunamikì Kratzer èqei qrhsimopoihjeÐ sth morf  thc (3.92), ìpou
kamÐa eleÔjerh par�metroc den emfanÐzetai sto pr¸to ìro. Aut  h epilog  den all�zei
oÔte touc lìgouc twn energei¸n, stouc opoÐouc prosarmìzontai oi par�metroi B̃, a (kai c
gia touc axonik� summetrikoÔc epim keic), oÔte touc lìgouc twn rujm¸n met�bashc B(E2).
An wstìso anaparastajoÔn grafik� ta energ� dunamik� gia diaforetikoÔc pur nec gÐnetai
anagkaÐa mÐa epiplèon par�metroc h opoÐa kajorÐzetai xeqwrist� gia k�je pur na.

F�smata

H èxtra par�metroc ston ìro Coulomb mporeÐ na emfanisteÐ jewr¸ntac ìti kajorÐzei th
klÐmaka tim¸n tou β, dhlad 

β =
β̃

A
, (Bþ.1)

dÐnontac

u(β̃) = −A
β̃

+
B̃r

β̃2
, B̃r = A2B̃. (Bþ.2)

Se ì,ti akoloujeÐ ja qrhsimopoihjeÐ o deÐkthc r wc endeiktikìc twn posot twn pou ephre�-
zontai apì to metasqhmatismì (Bþ.1). H Qamiltonian  tou Bohr ephre�zetai wc

HB = − ~2

2Br

[
1

β̃4

∂

∂β̃
β̃4 ∂

∂β̃
+

1

β̃2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ

− 1

4β̃2

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
πk
)]+ V (β, γ),

(Bþ.3)

me

Br =
B

A2
. (Bþ.4)
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H ex�rthsh thc m�zac apì th paramìrfwsh gÐnetai

Br(β̃) =
B0r

(f(β̃))2
, B0r =

B0

A2
, (Bþ.5)

me

f(β̃) = 1 + arβ̃, ar =
a

A
. (Bþ.6)

Apì thn (Bþ.4) eÐnai xek�jaro ìti oi anhgmènec enèrgeiec (ε = B0E/~2), gÐnontai

εr = B0rE/~2 =
ε

A2
. (Bþ.7)

Tìte
ε = A2εr, (Bþ.8)

se sumfwnÐa me thn exÐswsh (11) thc [46] kai thn (10) thc [47], deÐqnontac ìti ta energeiaka
epÐpeda all�zoun mèsw tou par�gonta A2. 'Ara oi energeiakoÐ lìgoi den ephre�zontai apì
th par�metro A. Me ton Ðdio trìpo ta anhgmèna dunamik� (υ = B0V/~2) t¸ra gÐnontai

vr = B0rV/~2 =
v

A2
, (Bþ.9)

upono¸ntac ìti
v = A2vr. (Bþ.10)

Stouc axonik� summetrikoÔc epim keic pur nec [deÐte to ed�fio 2.2.2] kaneÐc lamb�nei

v(β̃, γ) = u(β̃) +
f 2

β̃2
wr(γ), wr(γ) = A2w(γ), (Bþ.11)

me

wr(γ) =
1

2
(3cr)

2γ2, cr = Ac. (Bþ.12)

OmoÐwc stouc triaxonikoÔc pur nec me γ ≈ π/6 [deÐte to ed�fio 2.2.3], lamb�noume

wr(γ) =
1

4
cr

(
γ − π

6

)2

, cr = A2c. (Bþ.13)

To energì dunamikì gia to Kratzer [deÐte to ed�fio 3.6], ìpou h f(β) = 1 + aβ2 kai

f ′ = a, f ′′ = 0, (Bþ.14)

paÐrnei th morf 

ueff = − 1

β
+
B̃

β2
+ (1− δ − λ)f

a

β

+
1

2

(
1

2
− δ
)(

1

2
− λ
)
a2

+
f 2 + aβf

β2
+

f 2

2β2
Λ, (Bþ.15)
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to opoÐo gr�fetai kai wc

ueff = −A
β̃

+
B̃r

β̃2
+ (1− δ − λ)f

ar

β̃
A2

+
1

2

(
1

2
− δ
)(

1

2
− λ
)
a2
rA

2

+
f 2 + arβ̃f

β̃2
A2 +

f 2

2β̃2
A2Λ, (Bþ.16)

me
f(β̃) = 1 + arβ̃. (Bþ.17)

Jèsh elaqÐstou tou dunamikoÔ

Ja melet soume th jèsh, β0, tou elaqÐstou tou energoÔ dunamikoÔ (3.49). Exis¸nontac th
par�gwgo tou energoÔ dunamikoÔ me mhdèn brÐskoume eÔkola gia δ = λ = 0

β0 = −2
k−2

k−1

=
2 + Λ + 2B̃

1− 4a− aΛ
. (Bþ.18)

Sth perÐptwsh twn astaj¸n wc proc γ pur nwn gia th basik  kat�stash (τ = 0, L = 0)
paÐrnoume

β0 =
2 + 2B̃

1− 4a
. (Bþ.19)

Qrhsimopoi¸ntac thn (Bþ.1)

A =
1− 4a

2 + 2B̃
β̃0. (Bþ.20)

Gia touc epim keic, (L = 0, nγ = 0), lamb�noume

β0 =
2 + 6c+ 2B̃

1− 4a− 6ac
. (Bþ.21)

Qrhsimopoi¸ntac thn (Bþ.1)

A =
1− 4a− 6ac

2 + 6c+ 2B̃
β̃0. (Bþ.22)

B�joc tou energoÔ dunamikoÔ

Wc b�joc tou energoÔ dunamikoÔ orÐzetai h tim  tou sth jèsh tou elaqÐstou tou. Antika-
jist¸ntac thn (Bþ.18) sthn (3.49) lamb�noume

ueff(β0) =
k0

2
−

k2
−1

8k−2

. (Bþ.23)

Gia δ = λ = 0 paÐrnei th morf 

ueff(β0) =
a2

2

(
25

4
+ Λ

)
− (1− 4a− aΛ)2

4 + 2Λ + 4B̃
. (Bþ.24)
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SÔgkrish me to sun jec Kratzer

To Kratzer stajer c m�zac me th par�metro A dÐnetai sth (Bþ.2). Exis¸nontac th par�gwgo
tou energoÔ dunamikoÔ me mhdèn brÐskoume eÔkola th jèsh, β̃0, tou elaqÐstou tou dunamikoÔ

β̃0 =
2B̃r

A
, (Bþ.25)

to opoÐo qwrÐc thn A paÐrnei th morf 

β0 = 2B̃, (Bþ.26)

ìpou ègine qr sh twn(Bþ.1) kai (Bþ.2). Blèpoume ìti h teleutaÐa èkfrash eÐnai se sumfwnÐa
me thn exÐswsh (Bþ.18) sth perÐptwsh tou a = 0 kai B̃ >> 1. Apì to b�joc tou dunamikoÔ

u(β̃0) = − A2

4B̃r

, (Bþ.27)

pou apousÐa tou A gÐnetai

u(β0) = − 1

4B̃
, (Bþ.28)

me th qr sh twn exis¸sewn (Bþ.1) kai (Bþ.2).
Blèpoume ìti aut  h èkfrash eÐnai se sumfwnÐa me thn exÐswsh (Bþ.24) sth perÐptwsh

tou a = 0 kai B̃ >> 1.

Kumatosunart seic

Oi kumatosunart seic ξ(β) kanonikopoioÔntai mèsw thc∫ ∞
0

β4|ξ(β)|2dβ = 1, (Bþ.29)

en¸ parousÐa tou A oi ξr(β̃) kanonikopoioÔntai mèsw∫ ∞
0

β̃4|ξr(β̃)|2dβ̃ = 1. (Bþ.30)

Apì autèc tic sqèseic kaneÐc paÐrnei

ξr(β̃) =
ξ(β)

A5/2
. (Bþ.31)

Oi kumatosunast seic R(β) kanonikopoioÔntai mèsw∫ ∞
0

|R(β)|2dβ = 1, (Bþ.32)
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en¸ oi Rr(β̃) kanonikopoioÔntai mèsw thc∫ ∞
0

|Rr(β̃)|2dβ̃ = 1. (Bþ.33)

Apì autèc tic sqèseic, kaneÐc lamb�nei

Rr(β̃) =
R(β)

A1/2
. (Bþ.34)

Ta apotelèsmata aut� eÐnai sumbat� me th ξ(β) = R(β)/β2, kai telik� dÐnoun

ξr(β̃) =
Rr(β̃)

β̃2
. (Bþ.35)

Sthn exÐswsh (3.113) blèpoume ìti h R0(β) sunart�tai apì to N0β
−µ, en¸ apì th (3.132)

blèpoume ìti to N0 sunart�tai apì to a−µ+ 1
2 . 'Ara

R0(β) ∝ a−µ+ 1
2β−µ, (Bþ.36)

kai

R0,r(β̃) ∝ a
−µ+ 1

2
r β̃−µ =

( a
A

)−µ+ 1
2

(̃Aβ)−µ

∝ A−1/2R0(β), (Bþ.37)

se sumfwnÐa me th (Bþ.34).
OmoÐwc sth (3.7) blèpoume ìti h Rn(β) sunart�tai apì to Nnβ

−µn , en¸ apì th (3.133)

blèpoume ìti h Nn sunart�tai apì to a−µn+ 1
2 . 'Ara

Rn(β) ∝ a−µn+ 1
2β−µn , (Bþ.38)

kai tìte

Rn,r(β̃) ∝ a
−µn+ 1

2
r β̃−µn =

( a
A

)−µn+ 1
2

(Aβ)−µn

∝ A−1/2Rn(β), (Bþ.39)

se sumfwnÐa me thn exÐswsh (Bþ.34).

RujmoÐ Met�bashc B(E2)

Oi rujmoÐ met�bashc B(E2) dÐnontai apì thn exÐswsh (B4) thc [45], sthn opoÐa emfanÐzetai
to tetr�gwno thc aktinik c olokl rwshc. To aktinikì olokl rwma gia touc astajeÐc wc
proc γ pur nec dÐnetai sthn exÐswsh (116) thc [40]

In′,τ+1;n,τ =

∫ ∞
0

βξn′,τ+1(β)ξn,τ (β)β4dβ

=

∫ ∞
0

βRn′,τ+1(β)Rn,τ (β)dβ.

(Bþ.40)
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EÔkola blèpei kaneÐc ìti me th par�metro A to aktinikì olokl rwma gÐnetai

Ir = AI. (Bþ.41)

'Ara
B(E2)r = A2B(E2). (Bþ.42)

Ta Ðdia profan¸c isqÔoun kai gia touc axonik� summetrikoÔc epim keic pur nec.

Arijmhtik� apotelèsmata

Ta arijmhtik� apotelèsmata sta f�smata, pou parousi�zontai sto ed�fio 4.5, den ephre�-
zontai apì th par�metro A, kaj¸c h teleutaÐa akur¸netai ston upologismì twn energeiak¸n
lìgwn, ìpwc deÐqnei �llwste kai h exÐswsh (Bþ.8), ìpou ìlec oi enèrgeiec klimak¸nontai a-
pì to par�gonta A2. Epiprosjètwc, ta arijmhtik� apotelèsmata stouc rujmoÔc met�bashc
B(E2), pou parousi�zontai sto ed�fio 4.5 epÐshc den ephre�zontai apì th par�metro A ìpwc
f�nhke kai apì th parap�nw suz thsh.

H epÐdrash thc paramètrou A wstìso gÐnetai faner  stic eikìnec twn energ¸n dunamik¸n
tou Kratzer. Apì tic exis¸seic (Bþ.15) kai (Bþ.16) eÐnai fanerì ìti oi arijmhtikèc timèc twn
energ¸n dunamik¸n paramènoun Ðdiec, asqètwc thc parousÐac thc A. Telik�, ìpwc faÐnetai
apì th (Bþ.10) paramènei o par�gontac A2.

QwrÐc th parousÐa tou A, oi timèc thc β gÐnontai anexèlegkta meg�lec dÐqwc na antapo-
krÐnontai stic sun jeic timèc thc. 'Enac trìpoc na apokomistoÔn timèc gia th par�metro A gia
k�je pur na eÐnai o ex c. H tim  tou A ja prèpei na eÐnai tètoia ¸ste to el�qisto tou energoÔ
dunamikoÔ na sumpÐptei me th tim  tou β pou antapokrÐnetai sth tetrapolik  paramìrfwsh
tou ek�stote pur na, ìpwc aut  ekdhl¸netai sto rujmì met�bashc B(E2; 0+

1 → 2+
1 ), apì

th basik  sth pr¸th diegermènh kat�stash [96]. Autì mporeÐ na gÐnei qrhsimopoi¸ntac thn
exÐswsh (Bþ.20) gia touc astajeÐc wc proc γ,   thn (Bþ.22) gia touc axonik� summetrikoÔc
epim keic.

Arijmhtikèc timèc gia thn A gia touc astajeÐc wc proc γ pur nec, pou faÐnontai sta
sq mata 4.9 kai 4.10, parousi�zontai sto PÐnaka Bþ.1. AntÐstoiqa, arijmhtikèc timèc thc A
gia touc epim keic paramorfwmènouc pur nec pou faÐnontai stic eikìnec 4.11,4.12 kai 4.13
parousi�zontai sto PÐnaka Bþ.2. Ta sq mata 4.9-4.13 sqedi�sthkan qrhsimopoi¸ntac autèc
tic timèc tou A. Oi timèc tou dunamikoÔ èqoun diairejeÐ me to A2, ìpwc upodeiknÔetai apì
thn exÐswsh (Bþ.10), en¸ h β pollaplasi�zetai me to A, sÔmfwna me thn exÐswsh (Bþ.1).

San enac epiplèon poiotikìc èlegqoc, to b�joc k�je dunamikoÔ, to opoÐo apousÐa thc A
ja eprepe na eÐnai proseggistik� Ðso me −1/(4B̃) sta en lìgw sq mata, ìpwc èqei suzhthjeÐ
parap�nw, prèpei na gÐnei −A2/(4B̃). Gia kalÔterh akrÐbeia, h exÐswsh (Bþ.24) ja prèpei na
qrhsimopoihjeÐ.

Tèloc endeiktik� shmei¸nontai ta ex c gia pijanoÔc trìpouc prosdiorismoÔ thc A:
1) Efìson ta energeiak� epÐpeda ephre�zontai apì to par�gonta A2, ìpwc faÐnetai sth

(Bþ.8), ènac trìpoc kajorismoÔ thc A ja  tan apì th prosarmog  thc sth pr¸th diegermènh
kat�stash, E(2+

1 ), h opoÐa peiramatik� eÐnai diajèsimh gia polloÔc pur nec [97].
2) Efìson oi rujmoÐ met�bashc B(E2) epÐshc ephre�zontai apì to par�gonta A2, ìpwc

faÐnetai sth (Bþ.42), ènac �lloc trìpoc kajorismoÔ thc A ja  tan h prosarmog  thc sto
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rujmì met�bashc apì thc basik  sth pr¸th diegermènh kat�stash, B(E2; 0+
1 → 2+

1 ), h opoÐa
eÐnai epÐshc diajèsimh gia plhj¸ra pur nwn [96].

H mèjodoc pou qrhsimopoieÐtai ed¸, èqei to pleonèkthma ìti apofeÔgei tic mon�dec, afoÔ
h β eÐnai mian adi�stath posìthta.

PÐnakac Bþ.1: Arijmhtikèc timèc thc A gia touc astajeÐc wc proc γ pur nec twn sqhm�twn
4.9 kai 4.10. To β0 eÐnai h jèsh tou elaqÐstou tou energoÔ dunamikoÔ, pou upologÐzetai
apì thn (Bþ.19). H βexp eÐnai h tim  thc tetrapolik c paramìrfwshc pou dÐnetai apì th
peiramatik  tim  thc B(E2; 01 → 21) [96], en¸ to A upologÐzetai apì thn exÐswsh (Bþ.20).

Pur nac β0 βexp 103A
126Xe 123.73 0.1881 1.520
128Xe 66.00 0.1836 2.782
130Xe 60.17 0.169 2.809
132Xe 20.00 0.1409 7.045
134Xe 12.00 0.119 9.917
130Ba 286.86 0.2183 0.761
132Ba 103.53 0.186 1.797
134Ba 38.00 0.1609 4.234
136Ba 18.01 0.1258 6.983
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PÐnakac Bþ.2: Arijmhtikèc timèc thc A gia touc axonik� summetrikoÔc epim keic pur nec twn
sqhm�twn 4.11, 4.12 kai 4.13. To β0 eÐnai h jèsh tou elaqÐstou tou energoÔ dunamikoÔ
pou upologÐzetai qrhsimopoi¸ntac thn exÐswsh (Bþ.21), βexp eÐnai h tim  thc tetrapolik c
paramìrfwshc pou dÐnetai apì th peiramatik  tim  thc B(E2; 01 → 21) [96], en¸ to A
upologÐzetai apì thn exÐswsh (Bþ.22).

Pur nac β0 βexp 103A
150Nd 90.94 0.2853 3.137
152Sm 139.49 0.3064 2.197
154Gd 164.23 0.3120 1.900
156Gd 365.59 0.3378 0.924
158Gd 449.05 0.3484 0.776
160Gd 611.70 0.3534 0.578
156Dy 131.89 0.2929 2.221
158Dy 260.05 0.3255 1.252
160Dy 383.71 0.3387 0.883
162Dy 527.88 0.3430 0.650
164Dy 584.40 0.3481 0.596

Bþ.2 Kumatosunart seic sto ìrio a→ 0

Se autì to par�rthma parousi�zetai to ìrio twn lÔsewn tou Kratzer me m�za exarthmènh apì
th paramìrfwsh ìtan h par�metroc a teÐnei sto mhdèn. Oi sqetikèc me to Kratzer posìthtec
ki pou ephre�zontai gia a→ 0 eÐnai oi

k0 = 0, k−1 = −2, (Bþ.43)

ìpwc epÐshc kai

K̄ = k−2 +
2

a
, t = 1 +

2

aβ
. (Bþ.44)

O teleutaÐec dÔo gÐnontai �peirec sto ìrio a→ 0.
Sto polu¸numo Jacobi h metablht  β emfanÐzetai ston paronomast , t = 1 + 2

aβ
, en¸

sta polu¸numa Lagguere thc sun jouc lÔshc emfanÐzetai ston arijmht . 'Ara prèpei na
qrhsimopoihjeÐ th tautìthta (22.5.43 thc [84])

P (α,β)
n (x) =

(
2n+ α + β

n

)(
x− 1

2

)n
2F1

(
−n,−n− α;−2n− α− β;

2

1− x

)
, (Bþ.45)

h opoÐa sth paroÔsa perÐptwsh dÐnei

P
(µn− K̄

µn
,µn+ K̄

µn
)

n (t) =

(
2µ

n

)
1

(aβ)n
2F1

(
−n, K̄

µ− n
− µ;−2µ;−aβ

)
. (Bþ.46)
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KaneÐc t¸ra prèpei na pragmatopoi sei th sÔndesh metaxÔ twn upergewmetrik¸n kai twn
sumfu¸n upergewmetrik¸n sunart sewn. Oi upergewmetrikèc sunart seic 2F1(a, b; c; z) eÐnai
lÔseic thc exÐswshc (sel. 146 thc [100])

z(1− z)
d2φ

dz2
+ [c− (a+ b+ 1)z]

dφ

dz
− abφ = 0. (Bþ.47)

O grammikìc metasqhmatismìc x = bz dÐnei (sel. 148 thc [9])

x
(

1− x

b

) d2φ

dx2
+
[
c− (a+ 1)

x

b
− x
] dφ
dx
− aφ = 0. (Bþ.48)

Sto ìrio b→∞ dÐnei thn exÐswsh

x
d2φ

dx2
+ (c− x)

dφ

dx
− aφ = 0, (Bþ.49)

pou èqei lÔseic tic sumfu c upergewmetrikèc sunart seic 1F1(a; c;x). Wc apotèlesma, sto
ìrio b→∞, h upergewmetrik  sun�rthsh 2F1(a, b; c; z) an�getai sth sumfu  upergewmetrik 
sun�rthsh 1F1(a; c;x), ìpou x = bz.

Sth paroÔsa perÐptwsh exet�zoume thn upergewmetrik  sun�rthsh

2F1

(
−n, K̄

µ− n
− µ;−2µ;−aβ

)
. (Bþ.50)

'Opwc proanafèrjhke sto ìrio a→ 0 o ìroc K̄ gÐnetai �peiroc. Tìte efarmìzetai h sunj kh
gia th met�bash apì thn 2F1(a, b; c; z) sthn 1F1(a; c;x) , dÐnontac th

1F1

(
−n;−2µ;−

(
K̄

µ− n
− µ

)
aβ

)
= 1F1

(
−n; ∆ + 1;−

(
K̄

µ− n
− µ

)
aβ

)
. (Bþ.51)

MporeÐ kaneÐc t¸ra na qrhsimopoi sei th sqèsh metaxÔ twn sumfu¸n upergewmetrik¸n su-
nart sewn kai twn poluwnÔmwn Laguerre (sel 149 thc [100])

1F1(−n;m+ 1; z) =
n!m!

(n+m)!
L(m)
n (z), (Bþ.52)

pou sth paroÔsa perÐptwsh dÐnei

1F1

(
−n; ∆ + 1;−

(
K̄

µ− n
− µ

)
aβ

)
=

n!∆!

(n+ ∆)!
L(∆)
n

(
−
(

K̄

µ− n
− µ

)
aβ

)
. (Bþ.53)

Ta n kai µ = −1
2
(1 + ∆) paramènoun peperasmèna, en¸ to K̄ = k−2 + 2

a
apeirÐzetai exaitÐac

tou ìrou 1/a, me to k−2 na paramènei peperasmèno. 'Ara, sto ìrisma twn poluwnÔmwn
Laguerre mporoÔme na agno soume ton ìro µ wc polÔ mikrìtero apì ekeÐno pou perièqei to
K̄, en¸ mèsa sto K̄ mporoÔme na agno soume to peperasmèno ìro k−2 se sÔgkrish me ton
1/a, paÐrnontac

1F1

(
−n; ∆ + 1;

2β
1
2
(1 + ∆) + n

)
=

n!∆!

(n+ ∆)!
L(∆)
n

(
2β

1
2
(1 + ∆) + n

)
. (Bþ.54)
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'Oson afor� to par�gonta f
1
2(µn+ K̄

µn
−1) sthn (3.7), axÐzei na shmeiwjeÐ ìti sto ìrio a→ 0

o ìroc K̄ p�ei sto �peiro, en¸ o �lloc ìqi. Apì thn(Bþ.44) eÐnai plèon fanerì ìti se autì
to ìrio to K̄ mporeÐ na antikatastajeÐ apì to 2/a. 'Ara kaneÐc mporeÐ na gr�yei

F = f
1
2(µn+ K̄

µn
−1) → f

1
a(µ−n) =

((
1 +

β

a−1

)a−1
) 1

µ−n

. (Bþ.55)

Ekmetaleuìmenoi thn exÐswsh (4.2.21) thc [84]

lim
m→∞

(
1 +

z

m

)m
= ez, (Bþ.56)

o parap�nw par�gontac gÐnetai

F =
(
eβ
) 1
µ−n = exp

(
− β

n+ 1
2

+ ∆
2

)
. (Bþ.57)

AstajeÐc wc proc γ

Sto Kratzer stajer c m�zac, oi kumatosunart seic gia touc astajeÐc wc proc γ-pur nec
dÐnontai [46] (mh kanonikopoihmènec) kai sthn [101] (kanonikopoihmènec). Me to sumbolismì
thc [46] oi kanonikopoihmènec kumatosunart seic gÐnontai

χ(x)τ,n =

√
n!

Γ(n+ 2µ+ 1)
xµ+ 1

2 e−x/2L(2µ)
n (x), (Bþ.58)

ìpou

x = 2β
√
ε, µ =

√(
τ +

3

2

)2

+Dβ2
0 ,
√
ε =

Dβ0

µ+ n+ 1
2

, (Bþ.59)

kai lamb�nontac upìyh ìti sth [46], h dÔnamh tou x emfanÐzetai wc 2µ+ 1 antÐ gia µ+ 1
2
.

Sto Kratzer me m�za exarthmènh (DDM Kratzer) apì th paramìrfwsh

Λ = τ(τ + 3) =
L

2

(
L

2
+ 3

)
=

1

4
L(L+ 6), (Bþ.60)

�ra

k−2 = 2 + τ(τ + 3) + 2B̃,∆ = 2

√(
τ +

3

2

)2

+ 2B̃, (Bþ.61)

odhg¸ntac sthn (Bþ.58) to polu¸numo Laguerre na paÐrnei th morf 

L

(
2
√

(τ+ 3
2)

2
+2B̃

)
n

 2β√(
τ + 3

2

)2
+ 2B̃ + 1

2
+ n

 . (Bþ.62)
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Blèpoume ìti me thn antistoiqÐa twn paramètrwn metaxÔ tou DDM Kratzer kai thc stajer c
m�zac sthn [46]

2B̃ → β0, 1→ Dβ0, (Bþ.63)

ta polu¸numa Laguerre stic dÔo ekfr�seic eÐnai tautìshma. To ekjetikì thc (Bþ.58) eÐnai
epÐshc tautì me ekeÐno thc (Bþ.57).

Grammènh sth parametropoÐhsh tou DDM Kratzerh kumatosun�rthsh thc [46] gÐnetai

χ(β)τ,n =

√
n!

Γ(n+ 2µ+ 1)

(
2β

µ+ 1
2

+ n

)µ+ 1
2

exp

(
−β

µ+ 1
2

+ n

)
L(2µ)
n

(
2β

µ+ 1
2

+ n

)
,

(Bþ.64)
ìpou

µ =

√(
τ +

3

2

)2

+ 2B̃. (Bþ.65)

Axonik� summetrikoÐ epim keic

Sto Kratzer stajer c m�zac, oi kumatosunart seic twn axonik� summetrik¸n epimhk¸n pu-
r nwn dÐnontai sthn [47] (mh kanonikopoihmènec) kai sth [101] (kanonikopoihmènec). Qrhsi-
mopoi¸ntac to sumbolismì thc [47] oi kanonikopoihmènec kumatosunart seic paÐrnoun xan�
th morf  thc (Bþ.58), all� me

x = 2β
√
ε, µ =

√
L(L+ 1)

3
+

9

4
+B,

√
ε =

A/2

µ+ n+ 1
2

. (Bþ.66)

Sto DDM Kratzer èqoume

Λ =
L(L+ 1)−K2

3
+ 6c(nγ + 1), c =

C

2
. (Bþ.67)

AfoÔ sthn [47] qrhsimopoieÐtai o proseggistikìc diaqwrismìc twn metablht¸n pou eis qjh-
san sth X(5), jètoume c = 0. Gia th basik  z¸nh kai tic z¸nec β kaneÐc epÐshc èqei K = 0.
Wc apotèlesma lamb�noume

k−2 = 2 +
L(L+ 1)

3
+ 2B̃,∆ = 2

√
9

4
+
L(L+ 1)

3
+ 2B̃, (Bþ.68)

odhg¸ntac sth (Bþ.58) to polu¸numo Laguerre sth morf 

L

(
2
√

9
4

+
L(L+1)

3
+2B̃

)
n

 2β√
9
4

+ L(L+1)
3

+ 2B̃ + 1
2

+ n

 . (Bþ.69)

Blèpoume ìti me thn antistoiqÐa twn paramètrwn metaxÔ tou DDM Kratzer kai thc [47]

2B̃ → B, 2→ A, (Bþ.70)
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ta polu¸numa Laguerre stic dÔo ekfr�seic gÐnontai tautìshma. To ekjetikì thc (Bþ.58)
eÐnai epÐshc tautìshmo me ekeÐno thc (Bþ.57).

Grammènec sth parametropoÐhsh tou DDM oi kumatosunart seic thc [47] gÐnontai xan�
ìpwc h (Bþ.64), all� me

µ =

√
L(L+ 1)

3
+

9

4
+ 2B̃. (Bþ.71)
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